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Abstract

Using the concept of reduction by sufficiency of a Bayesian model, the issue of Bayesian identi-
fiability is discussed. Various statements given in the literature on Bayesian identifiability as well as
identifiability relationships in hierarchical structures, are revised. Examples and counter-examples
are given to show that some of these statements are confusingor simply wrong. Most of these exam-
ples are developed in a fully discrete Bayesian model.
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The author holds firmly to the view that
this contingent and cognitive universe of ours

is in reality only finite and, therefore, discrete.
[. . . ] Infinite and continuous models[. . . ] are to be

looked as mere approximations to the finite realities.
Basu (1975, p. 4)

Personal account

Pilar was an active supporter and developer of Bayesian statistics. She knew about the debate of whether
identifiability is of interest or not in a Bayesian approach.The first author remember interesting discus-
sions with Pilar in this debate. This paper represents an answer to our late discussions. It is couched
following Florens, Mouchart and Rolin’s “Elements of Bayesian Statistics” (1990) perspective, which in
turn develops the concept ofreduction by sufficiency of the Bayesian modelformalized by Basu. It seems
appropriate on this occasion mention that Pilar’s advisor was Carlos Pereira (Univeridade de Sao Paulo,
Brazil). Motivated by certain works of Michel Mouchart and Jean-Marie Rolin, Pereira did his Ph. D.
thesis under the supervision of Basu. Basu met several timeswith Michel; and Michel was my advisor.
Their contributions are the basis of this paper that we writein memory of Pilar.
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1 Introduction

Identifiability is often treated as a necessary condition tohave a rigorously well specified statistical
model. When structural modeling is being considered, that is, when the model formalizes a certain
phenomenon, the identification condition is more than a simple technical assumption, but covers a more
fundamental aspect that is intuitively the adequacy of a theoretical statistical model for an observed
process.

In the classical or sampling approach, a statistical model is defined as an indexed family of distributions
on the sample space, whereas the Bayesian approach considers a unique probability measure on the
product space “parameters× observations” (Florens et al., 1990; Gourieroux and Monfort, 1995). In
both approaches the concept of identifiability has been extensively discussed in the literature (see, among
others, Manski, 1995, 2007; Prakasa Rao, 1992, and the references there in).

Under the Bayesian approach, however, the concept of identifiability and, particularly,nonidentifiabil-
ity (Dawid, 1979) has not been free from controversies, polemics and confusion. The famous sentence
In passing it might be noted that unidentifiability causes noreal difficulty in the Bayesian approach
(Lindley, 1971) is a remarkable example.

Depending on whether the problem is in the prior, the likelihood or the posterior distribution, differ-
ent views on the issue of identifiability have been given in the literature. Poirier (1998) argued that “A
Bayesian analysis of a nonidentified model is always possible if a proper prior on all the parameters is
specified”. In the same line, Eberly and Carlin (2000) pointed out that “in some sense identifiability is
a non-issue for Bayesian analyses, since given proper priordistributions the corresponding posteriors
must be proper as well, hence every parameter can be well estimated”. Gelfand and Sahu (1999) stated
that too informative priors will dominate the inference andpriors near to be improper will produce ill-
behaved posteriors, yet on the other hand they argued that nonidentifiability would not depend on the
nature of the prior specification but on lack of identifiability in the likelihood. In this sense, Dawid’s
(classical) definition of Bayesian nonidentifiability is equivalent with what a Bayesian would call likeli-
hood identifiability (Eberly and Carlin, 2000). An unified thought is given by Kadane (1975) who stated
that “identification is a property of the likelihood function and is the same whether considered classically
or from the Bayesian approach.” The issue has also been discussed when simulation-based techniques
are used for model fitting and inferences. It is commonly argued that nonidentifiability does not pre-
clude Bayesian inference as long as a suitable informative prior is specified. Kass et al. (1998) point
out that provided the posterior is proper, there is no problem for MCMC methods-assuming that one has
determined that the nonidentifiability “isn’t due to a bug”.

It is remarkable that all these authors refer to Bayesian unidentifiability or nonidentifiability rather
than identifiability itself. The origin of the controversy in these two definitions seems to be the lack
of distinction between the concepts of sufficient parameterand minimal sufficient parameter. These
concepts are used to describe the information provided by the sampling process in a Bayesian model.
Bayesian identifiability and nonidentifiability will then be related to minimal parameter sufficiency and
parameter sufficiency, respectively.

Taking into the account the preceding differentiation, themain stream in Bayesian statistics can be
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qualified. Furthermore, in this paper we argue that Bayesianidentifiabiliy defined through parametric
minimal sufficiency, is not only a genuinely Bayesian concept but also related with other Bayesian and
non-Bayesian statistical concepts.

In order to go in a deeper discussion, the previously mentioned concepts and controversy are discussed
using a fully discrete bayesian model, that is, a model in which both the parameter and the sample space
are finite. Using this approach, we believe it is possible to see in a more detailed way the origin of the
possible confusions. Moreover, most of Bayesian models arespecified using a hierarchical structure,
as it is the case, for instance, in generalized linear mixed models. In this context, the applied literature
suggests to relate the identifiability among the submodels composing the hierarchy. For instance, in a
GLMMM it is typically questioned whether the variance of therandom effect is still identified in the
marginal observed model which is obtained after integrating out the random effects. We offer counter-
examples to these relationships, when they are wrong, and review and illustrate them, when they are
true.

The paper is organized as follows: First we introduce the Bayesian model together with the definitions
of basics concepts necessary to define Bayesian identifiability. Next, the construction of a fully discrete
Bayesian model is explained and its Bayesian identificationdiscussed. Subsequently, we describe identi-
fiability relationships in hierarchical structures using both counter-examples for relationships that seems
to be true, and the fully discrete Bayesian approach to exemplify these relationship. The paper conclude
with a discussion.

2 Bayesian model

2.1 General construction of a Bayesian model

In a (classical) sampling theory framework, a statistical model is formally defined as follows:

E = {(S,S), P a : a ∈ A}, (2.1)

where(S,S) is a measurable space, thesample space, and{P a : a ∈ A} is a family of probability
measures on the sample space indexed by aparametera belonging to aparameter spaceA (see, e.g.,
Fischer, 1922; Barra, 1981; McCullagh, 2002). The probabilities {P a : a ∈ A} are calledsampling
probabilitiesas they describe the sampling process. The parameter spaceA might be either a Euclidean
space, a functional space, or a product of both as it is the case in parametric, non-parametric and semi-
parametric models, respectively. Note that the statistical model in (2.1) can be considered as an extension
of a probability space(S,S, P ) in the sense that a unique probability measureP is replaced by afamily
of probability measuresP a, a ∈ A.

A Bayesian modelis defined as auniqueprobability measureQ defined on the product space “param-
eters× observations”, denoted asA × S. Taking as a starting point the statistical model given by (2.1),
a probability measureQ onA × S is constructed by endowing the parameter spaceA with a probability
measureµ on (A,A), where theσ-field A of subsets ofA makesP a(X) measurable for allX ∈ S, and
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by extending toA⊗ S (in a unique way) the functionQ defined onA× S as follows:

Q(E × X) =

∫

E

P a(X) dµ E ∈ A, X ∈ S. (2.2)

The measure constructed from (2.2) is denoted as the Markovian productQ = µ⊗PA. Thus, a Bayesian
model is defined by the following probability space:

E = (A × S,A ∨ S, Q = µ ⊗ PA). (2.3)

Remark 1 In this paper, we shall systematically relate the sub-σ-field B ⊂ A (resp.,T ⊂ S) to the
sub-σ-field of the corresponding cylindersB × S (resp. A × T ). Thus, in (2.3), we relate the product
A⊗ S to A ∨ S, theσ-field generated by(A× S) ∪ (A × S). This is to alleviate the notation.

By constructionP a in (2.2) becomes a transition of probability representing aregular version ofPA,
the restriction toS of the conditional probabilityQ givenA, and this is so for whatever probabilityµ
on (A,A). Moreover, the so-calledprior probability µ corresponds to the marginal probability ofQ on
(A,A), namelyµ(E) = Q(E × S) for E ∈ A. Similarly, the marginal probabilityP on the sample
space(S,S) given byP (X) = Q(A × X) for X ∈ S is called thepredictive probability.

Besides the decompositionQ = µ⊗PA, the probabilityQ is decomposed, under the usual hypotheses
(e.g., Rao, 1993), into a marginal probabilityP , and a regular conditional probability givenS, repre-
sented by a probability transition denoted asµS ; this is the so-calledposterior distribution. WhenQ
is decomposed asQ = µ ⊗ PA = P ⊗ µS , the Bayesian model (2.3) is said to beregular. For more
details, see Martin et al. (1973); Florens et al. (1990). In the remaining of this paper we assume that the
Bayesian model (2.3) is regular.

The main difference between models (2.1) and (2.3) is that the first is afamily of sampling distribu-
tions, whereas the second is auniqueprobability measure defined on the product space “parameters ×
observations”. It should be emphasized that in a Bayesian model, the prior distributionµ is fixed. How-
ever, when the interest is focused on the sensitivity of Bayesian procedures with respect to changes on
the prior distribution (see, e.g., Macci and Polettini, 2001), or on the Bayesian inference using inter-
subjective models (see, e.g., Dawid, 1979, section 9), we are dealing with afamily of Bayesian models
indexed by prior distributions defined on the parameter space (A,A); that is,

E = {(A × S,A ∨ S), Qµ = µ ⊗ PA, µ ∈ P(A,A)}, (2.4)

whereP(A,A) denotes the space of probability measures defined on the parameter space. As can be
seen, (2.1) and (2.4) share a common mathematical structure.

In the following subsections we define the concepts of statistics, parameter, sufficient parameter, mini-
mal sufficient parameter, sampling information and Bayesian identification, based on the Bayesian model
defined in (2.3).
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2.2 Statistics and parameters in a Bayesian model

Taking as reference the Bayesian model (2.3), anyS-measurable functionT defined onS with values
in some measurable space(U,U) (typically, a Borel space) is called astatistics. More precisely, the
functionT : (S,S) → (U,U) is a statistics if and only ifT

.
= T−1(U) ⊂ S. Thisσ-field, also denoted

asσ(T ) –theσ–field generated byT–, is the smallestσ-field which makes measurable the functionT . It
should be remarked thatT heuristically corresponds to the set of events that may be described in terms of
that random variable (Florens and Mouchart, 1982, p. 588). Taking into account that the information of
interest is in the probability space given by (2.3), we consider thatT represents the information provided
by T , which does not depend on the coordinate system chosen to represent the corresponding random
variable. This is becauseσ(T ) = σ[h(T )] for all bi-measurable and bijective functionh.

Taking into account these considerations, a statistics is asub-σ-field of S. Similarly, asubparameter,
or more simply aparameter, is a sub-σ-field ofA.

2.3 Sufficient parameter

Let T ⊂ S be a statistics andB ⊂ A be a parameter. A statisticsT is sufficient if, conditionally on
it, the sampling process is independent of the parameter. Using properties of conditional independence
(see Appendix A), the last statement can be written asS ⊥⊥ A | T which is read as “S is independent
of A givenT ”. Thus, a statisticsT is sufficient for the parameterA if, for all S-measurable function
s, E(s | A ∨ T ) = E(s | T ); that is, the process generating the observations conditionally onA ∨ T
only depends on the statisticsT . Equivalently, for allA-measurable functiona, E(a | S) = E(a | T );
that is, the posterior process is fully characterized by thesufficient statistics, being the observationsS
redundant onceT is “given”. Thus, the original Bayesian model (2.3) can be replaced,without any loose
of information, by

Ẽ = (A × S,A ∨ T , QT ), (2.5)

whereQT is the restriction ofQ on T , that is,QT (E × X)
.
= Q(E × X) for E ∈ A and X ∈

T . Following Basu (1975)’s and Florens et al. (1990)’s terminology, Ẽ corresponds toa reduction by
sufficiency of the Bayesian model (2.3). The Bayesian learning process on the parameterA is unaffected
by this reduction.

Taking advantage of the symmetric role of observations and parameters in a Bayesian model, it is
possible to define a sufficient parameter in a way similar to that of sufficient statistics. As a matter of
fact, a parameterB is sufficient with respect toS if and only if A ⊥⊥ S | B, which means that, for all
S-measurable functions, E(s | A) = E(s | B); that is, the sufficiency ofB means thatB is “sufficient”
to describe the sampling process and, consequently, that the observationsS brings information onB only
in the sense that, conditionally onB, observation brings no information, that is,E(a | S∨B) = E(a | B)
for all A-measurable functiona.

Using the properties of conditional independence, it can beverified that ifB ⊂ A is a sufficient
parameter forS and C ⊂ A is a parameter, thenA ⊥⊥ S | B ∨ C, that is, the parameterB ∨ C is
also sufficient. This means that the sampling process is not only described byB, but also byB ∨ C
for all C ⊂ A. In other words, once we have a sufficient description of the sampling process, then
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such a process can be described usingredundant information at the parameter level, which in turn is
sufficient. Consequently, it makes sense to look for theminimal sufficient parameter describing the
sampling process.

2.4 Minimal sufficient parameter

Let ΣA be the class of sufficient parametersB ⊂ A for S, namelyΣE = {B ⊂ A : A ⊥⊥ S | B}.
It is clear thatΣE is not empty sinceA ∈ ΣE , henceΣE 6= ∅. TakeB1, B2 ∈ ΣE . Using both the
definition of parametric sufficiency and the characterization of conditional independence in terms of
a measurability condition (see Appendix A), it follows thatthe sufficiency ofB1 implies that, for all
A-measurable functiona, E(a | A) is B1-measurable; and the sufficiency ofB2 implies that, for all
A-measurable functiona, E(a | A) is B2-measurable. Here,Bj (j = 1, 2) denotes the measurable
completionBj = Bj ∨ {E ∈ A : µ(E)2 = µ(E)}, where{E ∈ A : µ(E)2 = µ(E)} is set of the
prior null sets. It follows that, for allA-measurable functiona, E(a | A) isB1 ∩ B2-measurable, that is,
A ⊥⊥ S | B1 ∩ B2; thus,B1 ∩ B2 ∈ ΣA. This argument is used to define aminimal sufficient parameter
Bmin, as follows

Bmin =
⋂

B∈ΣA

B. (2.6)

Moreover, it shows thatBmin alwaysexists. By construction, the minimal sufficient parameterBmin
contains all the prior null sets. Once the minimal sufficientparameter has been constructed, the original
Bayesian model (2.3) should be replaced by

Emin = (A × S,Bmin ∨ S, QBmin
), (2.7)

whereQBmin
is the restriction ofQ onBmin, that is,QBmin

(E × X)
.
= Q(E × X) for E ∈ Bmin and

X ∈ S.

The Bayesian model (2.7) does not contain redundant information at the parameter level because there
is not a sufficient description of the sampling process (i.e.aB ∈ ΣA) better than the description pro-
vided by the minimal sufficient parameterBmin. Thus, the minimal sufficient parameter corresponds
to the greatest possible parameter reduction for which the prior information is updated by the sample.
Consequently,the learning process underlying a Bayesian model is fully concentrated on the minimal
sufficient parameter.

2.5 Minimal sufficient parameter, sampling information and Bayesian identification

The minimal sufficient parameterBmin can be expressed in more operational terms. As a matter of fact,
theσ-field generated by every version of the sampling expectations, namelyσ{E(s | A) : s ∈ [S]+}, is
the smallest sub-σ-field of A that makes the sampling expectations measurable; here,[S]+ denotes the
set of non-negativeS-measurable functions. This is equivalent to
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A ⊥⊥ S | σ{E(s | A) : s ∈ [S]+}.

Therefore,σ{E(s | A) : s ∈ [S]+} ∈ ΣA and, consequently,

σ{E(s | A) : s ∈ [S]+} ⊃ Bmin.

On the other hand,Bmin satisfies the condition thatA ⊥⊥ S | Bmin, which is equivalent to say that, for all
S-measurable functions, E(s | A) is Bmin-measurable. Therefore, by definition ofσ{E(s | A) : s ∈
[S]+}, it follows that

σ{E(s | A) : s ∈ [S]+} ⊂ Bmin.

Thus, the minimal sufficient parameterBmin coincides withall the information provided by the sampling
process, namelyσ{E(s | A) : s ∈ [S]+}. Additionally, this information containsall the prior null sets.

In summary, we have described the sampling process in terms of the information it provides. Using
the concept of sufficiency, it has also been clarified how thisinformation is updated by the learning-by-
observation process. These considerations allow we to define Bayesian identifiabilty.

Definition 1 In the context of the Bayesian model (2.3), the parameterA is Bayesian identifiedby S,
which is denoted byA ≺ S, if A is a minimal sufficient parameter; that is,A = Bmin. More generally,
let Mi ⊂ A ∨ S, for i = 1, 2, 3 –i.e. a function of the parameters, of the observations or ofboth. It is
said thatM1 is Bayesian identified byM2 conditionally onM3 if M1 ∨M3 is Bayesian identified by
M2 ∨M3, i.e.,

σ{E(f | M1 ∨M3) : f ∈ [M2 ∨M3]
+} = M1 ∨M3.

This relationship is denoted asM1 ≺ M2 | M3, which by definition is equivalent toM1 ∨ M3 ≺
M2 ∨M3.

In Bayesian statistics, this concept was introduced by Florens and Mouchart (1977) and thereafter further
developed in, e.g., Florens and Rolin (1984); Mouchart and Rolin (1984) and, mainly, in Florens et al.
(1990, chapter 4); see also Van Putten and Van Schuppen (1985) (for a table of correspondence between
their results with that contained in Mouchart and Rolin (1984), see Mouchart and Rolin (1985)) and
Gourieroux and Monfort (1995). In any case, this concept canbe traced back to McKean (1963), although
there is defined using the Lebesgue completion instead of themeasurable completion.

From the definition of Bayesian identifiability given in Definition 1 there are four features that are
worth to explain in more details: First, the learning-by-observing process in only based on the Bayesian
identified parameter; second, the fact that we have a genuinely Bayesian concept of identifiability; third,
the definition given yields a relation with Bayesian consistency; and fourth, the concept defined can
be related to the classical parameter identifiability concept. We summarize this fourth issues in the
followings comments:
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Comment 1 The Bayesian identified parameter fully concentrates the learning-by-observing process.
As a matter of fact, let us consider the Bayesian model (2.3);here, it is satisfied that

C ⊥⊥ S | Bmin ∀Bmin ⊂ C ⊂ A. (2.8)

Here the parameterC, although non-identified byS, might be of interest and, consequently, it should be
updated by the observations. As recognized by the Bayesian literature, this update can be done since,
the posterior expectationE(c | S) exists for allC-measurable functionc. However, the question is: are
we actually learning about the unidentified parameterC? The answer isnot: although we compute the
posterior distribution ofC, what we are actually updating isalways the identified parameter, nothing
more. Indeed, taking into account (2.8), it follows that

E(c | S) = E[E(c | S ∨ Bmin) | S] = E[E(c | Bmin) | S]

for all C-measurable functionc. By definition of conditional expectation,E(c | Bmin) only depends on
the identified parameterBmin; this and only this is updated by the observations.

From a practical point of view, this means that if an unidentified parameter is estimated by its pos-
terior distribution, the users should be warned that this estimatesdoes not provide any updating of the
unidentified parameter, but only of the identified parameter. This is more relevant when the unidentified
parameter is a parameter of interest. In this case, if such a warning is not explicit, it will be providing an
illusory result: the illusion that we obtain information about the unidentified parameter, when in reality
we only get information about the identified parameter. Thisis illustrated in following example.

Example 1 Let us illustrate these considerations with the problem of estimating the prevalence, the
sensitivity and the specificity of a diagnostic test in the absence of a gold-standard. LetZi ∈ {0, 1} be
a binary random variable indicating the true state of a subject i, that is,Zi = 1 if subjecti is diseased,
andZi = 0 otherwise. LetYi ∈ {0, 1} be a binary random variable indicating the classification ofa
subjecti through a diagnostic test, that is,Yi = 1 if subjecti is classified as diseased by the diagnostic
test, andYi = 0 otherwise. Note thatYi is an observed variable, whereasZi is unobservable. Taking into
account that this is a problem of misclassification, the parameters of interest are the sensitivity of the test,
α = P (Yi = 1 | Zi = 1); the specificity of the test,β = P (Yi = 0 | Zi = 0); and the true prevalence,
ω = P (Zi = 1). The sampling process is given by a sequence of mutually independent random variables
Yi conditionally onp(α, β, ω), wherep(α, β, ω) = P (Yi | α, β, ω) = αω + (1 − β)(1 − ω). If it is
assumed thatα + β > 1, then p(α, β, ω) is an increasing function ofω. The model is completed
by specifying a prior probability distribution on(α, β, ω). The σ-field of the sample space is given
by S = σ(Y1, . . . .Yn), and the one of the parameters is given byA = σ(α) ∨ σ(β) ∨ σ(ω). Now,
p(α, β, ω) = E(Yi | A), so

σ{p(α, β, ω)} ⊂ σ{E(f | A) : f ∈ [S]+} ⊂ A.

Moreover,σ(α) 6⊂ σ{p(α, β, ω)}, σ(β) 6⊂ σ{p(α, β, ω)}, andσ(ω) 6⊂ σ{p(α, β, ω)}, because there not
exist measurable functions such thatα is a function ofp(α, β, ω), β is a function ofp(α, β, ω), andω is
a function ofp(α, β, ω). Therefore, neitherA is Bayesian identified, norα, norβ, norω. Furthermore,
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from the equalityE[Yi | A] = E[Yi | p(α, β, ω)], and taking into account thatYi is a binary random
variable, it follows that

σ{p(α, β, ω)} ⊂ σ{E(f | p(α, β, ω)) : f ∈ [S]+} = σ{E(f | A) : f ∈ [S]+},

which means that the sampling process is fully described byp(α, β, ω). In other words,p(α, β, ω) is
Bayesian identified. Now, in this example, it is always possible to compute the posterior expectation of
the parameters of interest. However, these expectations does not provide any information about them,
but only aboutp(α, β, ω) –which is typically calledapparent prevalence.

�

Comment 2 The concept of identification as introduced in Definition 1 isgenuinely Bayesian because
it depends on the prior distribution through the prior null events. This means that if, additionally to the
Bayesian model (2.3), a second one is specified in such a way that

E ′ = (A × S,A ∨ S, Q′ = µ′ ⊗ PA),

thenBmin is still the Bayesian identified parameter in the context ofE ′ if and only if µ and µ′ are
equivalent probability measures (i.e., they have thesamenull sets). Thus, the Bayesian identifiability
property (in the context of the Bayesian model (2.3)) can be lost if the prior null sets change; for more
details, see Florens et al. (1990, Proposition 4.6.8). Contrary to what is typically accepted (Kass et al.,
1998; Paulino and Pereira, 1994), this means that an unidentified parameter does not become identified
once a proper prior distribution is specified on it, unless prior null sets are defined –which is equivalent
to introduce dogmatic constraints. This is illustrated in the following example.

Example 2 Let us illustrate these considerations with the following example. LetA = R andA be
the Borel sets ofR. Assume that the sampling process is specified as(Xi | a) ∼ N (|a|, 1), where
X1, . . . .Xn are mutually independent conditionally onA. Let µ be a prior probability distribution.
Since|a| = E(Xi | A), it follows that the corresponding minimal sufficient parameter is given by

σ{|a|} ∨ {E ∈ A : µ(E) = 0 or 1},

whereσ{|a|} = {E ∈ A : −E = E}. If µ is equivalent to the Lebesgue measure (i.e.,µ has the same
null sets as the Lebesgue measure onR), then the parametera is not identified becauseσ{a} 6⊂ σ{|a|}.
However, ifµ is equivalent to the Lebesgue measure onR

+ andµ(R−) = 0, then the parametera is
identified.

�

Comment 3 Let us consider the Bayesian model (2.3) and letB ⊂ A be a parameter of interest. It is
said thatB is exactly estimable ifB ⊂ S. This condition is equivalent toV ar(11B | S) = 0 for all
B ∈ B, which in turn is equivalent toE(b | S) = b Q-a.s. for allB-measurable functionb. Exact
estimability means, therefore, that the posterior probability of a B-measurable functionb is a.s. 0 or 1. In
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other words,B ⊂ S formalizes the idea that the parameterB is “perfectly known” after the observation
of the sample. For more details, see Florens et al. (1990, Section 4.7).

Bayesian identification is related with exact estimability, as in a pure sampling theory framework iden-
tification is related with consistency. As a matter of fact, let us consider the case of an iid process, namely
{Xn : n ∈ N} be iid random variables conditionally onA. In the context of the asymptotic Bayesian
model, it can be shown that the minimal sufficient parameterBmin

.
= σ{E(f | A) : f ∈ [X∞

1 ]+}
satisfies the following condition:

Bmin ⊂ X∞
1 ; (2.9)

here,X∞
1 = σ(X1,X2, . . . ,Xn, . . . ); (for more details, see Florens et al., 1990, Theorem 9.3.2). This

means that, in an iid process, the Bayesian identified parameter is exactly estimable. Furthermore, con-
dition (2.9) ensures the convergence of the following posterior expectations:E(b | X n

1 ) for all Bmin-
measurable functionb; andE(a | X n

1 ) for all A-measurable functiona; hereX n
1 = σ(X1, . . . ,Xn).

As a matter of fact, by the Martingale Theorem,E(b | X n
1 ) converges a.s. and, moreover, it converges

to E(b | X∞
1 ) in L1 for all Bmin-measurable functionb such thatE|b| < ∞; beingL1(A,A, µ) =

{f : A → R | f isA-measurable, and
∫
A

| f | dµ < ∞}. Using condition (2.9), it follows that
E(b | X∞

1 ) = b a.s.

Similarly, leta be aA-measurable function such thatE|a| < ∞. Taking into account thatA ⊥⊥ X n
1 |

Bmin for all n ∈ N, it follows that

E(a | X n
1 ) = E[E(a | X n

1 ∨ Bmin) | X
n
1 ]

= E[E(a | Bmin) | X
n
1 ]

n→∞
−→ E[E(a | Bmin) | X

∞
1 ] = E(a | Bmin) a.s. and inL1.

Thus, the Bayesian identified parameter is not only Bayesianconsistent (in the sense that its posterior
expectation converges to it), but also concentrates at the limit the posterior expectation of any other
parameter.

Comment 4 In a pure sampling theory framework, parameter identifiability is defined as the injectivity
of the mappinga 7−→ P a, where{P a : a ∈ A} is a family of sampling distributions. This identification
concept (which we calls-identification) is related with Bayesian identification asintroduced in Definition
1. More precisely ifA is a Blackwellσ-field andS is separable, thens-identification implies Bayesian
identification for all prior probability measure on(A,A); for details and proofs, see Florens et al. (1985)
and Florens et al. (1990, chapter 4). Aσ-field M is a Blackwellσ-field if M is separable and if for all
M-measurable functionm and for allA ∈ M, m(A) is an analytic set ofR. It should be emphasized
that this relationship betweens-identification and Bayesian identification depends on the separability of
both the sample space and the parameter space. Since we use measurable completion (see Appendix
A), we avoid the danger of loosing the separability and, consequently, we may use identification results
established in a pure sampling theory approach.
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3 Construction of a discrete Bayesian model

The preceding sections explain in a general way the conceptsof Bayesian model and Bayesian identifi-
ability. This generality means that theσ-fieldsA andS could have been either uncountable, or finite, or
a mixture of both. In this section we illustrate these concepts for the particular case in which bothA and
S areσ fields of finite sub-sets, yielding a fully discrete Bayesianmodel.

3.1 Model construction

Let S = {s1, . . . , sn} be a finite set of observations andA = {a1, . . . , am} be a finite set of parameters.
The correspondingσ-fields are the the power sets ofS and ofA, respectively. Letµ be a prior probability
defined on(A,A) and letAµ = {a ∈ A : µ(a) > 0}. The parametric support of an observations ∈ S
is defined asAs = {a ∈ A : p(s | a) > 0}. The sampling probabilities are defined as

p(si | a) =
∑

aj∈Aµ

p(si | aj)11{a=aj}

=
∑

aj∈Aµ∩Asi

p(si | aj)11{a=aj}, i = 1, . . . , n.

Whena /∈ Aµ, the sampling probabilities are arbitrary defined asp(s | a) = c (for s ∈ S), with c 6= 0.
Therefore,Ac

µ ⊂ As for eachs ∈ S, and

q(s, a) =





p(s | a)µ(a), s ∈ S, a ∈ Aµ ∩ As,

0, s ∈ S, a ∈ Ac
µ ∪ (Aµ ∩ Ac

s).

The predictive distribution is defined as

p(s) =
∑

aj∈Aµ∩As

p(s | aj)µ(aj) =
∑

aj∈A

p(si | aj)µ(aj), s ∈ S.

It should be remarked that fors ∈ S

p(s) > 0 ⇐⇒ Aµ ∩ As 6= ∅.

Therefore the joint probabilityq(s, a) can be decomposed as

11






q(a1, s1) · · · q(a1, sn)
...

. . .
...

q(am, s1) · · · q(am, sn)


 =




µ(a1) · · · 0
...

. . .
...

0 · · · µ(am)







p(s1 | a1) · · · p(sn | a1)
...

. . .
...

p(s1 | am) · · · p(sn | am)




(3.1)

=




µ(a1 | s1) · · · µ(a1 | sn)
...

. . .
...

µ(am | s1) · · · µ(am | sn)







p(s1) · · · 0
...

. . .
...

0 · · · p(sn)


 .

These equalities illustrate the difference between a probability measure (the prior and the predictive) and
a probability transition (the sampling and the posterior):the first one corresponds to a diagonal matrix,
whereas the second one corresponds to a rectangular matrix.It can also be verified the dominance
property of the posterior transition with respect to the prior distribution (Mouchart, 1976), that is, the
prior null events are still posterior null events:

1. If µ(aj) = 0, thenµ(aj | s) = 0 for all s ∈ S.

2. If µ(aj) = 1, thenµ(ak) = 0 for eachk 6= j and, therefore,µ(ak | s) = 0 for eachk 6= j and for
s ∈ S. Henceµ(aj | s) = 1 for eachs ∈ S.

It can also be grasped that the converse relationship (namely, the dominance of the prior distribution
with respect to the prior distribution) is not necessarily true. In fact, it could exists as ∈ S such that
µ(a | s) = 0 for a ∈ Ac

s ∩ Aµ; note that this intersection is equal toAc
s sinceAc

µ ⊂ As.

3.2 Statistics and parameters in a discrete Bayesian model

In the discrete Bayesian model described in the previous section, a parameterb(a) is characterized by
the partition on the parameter spaceA induced by it, namely

Ab = {a ∈ A : b(a) = b}.

Similarly, a statisticst(s) is characterized by the partition on the sample space induced by it, namely

St = {s ∈ S : t(s) = t}.

In this context, when using a random variable, it is important to keep in mind the partition generated by
it, and not only the values taken by the random variable.
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3.3 Bayesian identification in the discrete case

In this section, Bayesian identification is characterized for a fully discrete Bayesian model. More specif-
ically, the idea is to characterize the relationshipX1 ≺ X2 | X3, whereX1,X2,X3 are discrete random
variables defined on a common probability space(M,M, P ) such thatXr : M −→ Nr, for r = 1, 2, 3,
whereNr (r = 1, 2, 3) are finite sets. These random variables can be interpreted differently. For ex-
ample,X1 can be interpreted as a parameter,X2 as an observation andX3 as a latent variable; orX1

andX3 as parameters, whereasX2 as an observation; etc. In Section 4 different interpretations will be
exploited.

Let us define

• K = {k ∈ N3 : P (X3 = k) > 0}.

• Nk
1 = {i ∈ N1 : P (X1 = i | X3 = k) > 0} for k ∈ K.

• Nk
2 = {j ∈ N2 : P (X2 = j | X3 = k) > 0} for k ∈ K.

•
(
P k

)
ij

= P (X1 = i,X2 = j | X3 = k), a |Nk
1 | × |Nk

2 | matrix fork ∈ K.

By Definition 1,X1 is Bayesian identified byX2 conditionally onX3 (i.e. X1 ≺ X2 | X3) if and only
if

σ
{

P (X2 = j,X3 = k | X1,X3) : k ∈ K, j ∈ Nk
2

}
=

= σ
{
{X1 = i} ∩ {X3 = k} : k ∈ K, i ∈ Nk

1

}
∨ (3.1)

∨ σ
{
{X1 = i} ∩ {X3 = k} : k ∈ N3, i ∈ (Nk

1 )c
}

.

As a matter of fact, by definition of Bayesian identification,theσ-field of the left-side of (3.1) contains
all the null sets of(X1,X3). This class corresponds to theσ-field

σ
{
{X1 = i} ∩ {X3 = k} : k ∈ N3, i ∈ (Nk

1 )c
}

because

P (X1 = i,X3 = k)





= P (X1 = i | X3 = k)P (X3 = k), i ∈ (Nk
1 )c, k ∈ K;

≤ P (X3 = k), k ∈ Kc.

Thus,P (X1 = i | X3 = k) = 0 sincei ∈ (Nk
1 )c andk ∈ K, whereasP (X3 = k) = 0 sincek ∈ Kc.

Therefore,P (X1 = i,X3 = k) = 0 for i ∈ (Nk
1 )c andk ∈ N3.
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By this same fact –that all the null sets of(X1,X3) are contained into theσ-field of the left-side of
(3.1)–, equality (3.1) is equivalent to the following relation:

σ
{
{X1 = i} ∩ {X3 = k} : k ∈ K, i ∈ Nk

1

}
⊂

(3.2)

⊂ σ
{
P (X2 = j,X3 = k | X1,X3) : k ∈ K, j ∈ Nk

2

}
.

Now, let us characterize the generators ofσ
{
P (X2 = j,X3 = k | X1,X3) : k ∈ K, j ∈ Nk

2

}
. For

eachk ∈ K,

P (X2 = j,X3 = k | X1,X3) =
∑

i∈Nk
1

pj|ik 11{X1=i,X3=k}
.
= Yj.

Then , for eachj ∈ Nk
2 ,

Y −1
j

[
{pj|ik}

]
= {X1 ∈ Iij , X3 = k},

whereIij ⊂ Nk
1 is a set which depends on(i, j) ∈ Nk

1 × Nk
2 . Moreover,Y −1

j

[
{pj|ik}

]
contains

{X1 = i,X3 = k}. It follows that

{X1 = i,X3 = k} ⊂
⋂

j∈Nk
2

Y −1
j

[
{pj|ik}

]
= {X1 ∈ Ii,X3 = k},

whereIi =
⋂

j∈Nk
2

Iij.

Thus,{X1 ∈ Ii,X3 = k} is the smallest set inσ
{
P (X2 = j,X3 = k | X1,X3) : k ∈ K, j ∈ Nk

2

}

containing{X1 = i,X3 = k}. Therefore,X1 is Bayesian identified byX2 conditionally onX3 –which
is equivalent to relation (3.2)– if and only if, for eachk ∈ K,

Ii = {i} ∀ i ∈ Nk
1 ,

which is equivalent to, for eachk ∈ K,

⋂

j∈Nk
2



ω :

∑

l∈Nk
1

pj|lk11
(ω)
{X1=l,X3=k} = pj|ik



 = {X1 = i, X3 = k} ∀ i ∈ Nk

1 .

This last condition is equivalent to the following one: for eachk ∈ K,

6 ∃ i, i′ ∈ Nk
1 such that pj|ik = pj|i′k ∀ j ∈ Nk

2 ,
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which in turn can equivalently be written as

6 ∃ i, i′ ∈ Nk
1 such that pij|k = cii′ pi′j|k ∀ j ∈ Nk

2 .

Summarizing, we obtain the following theorem:

Theorem 1 Let (Ω,M, P ) be a probability space andXr : Ω −→ Nr, with r = 1, 2, 3, be random
variables, whereNr (r = 1, 2, 3) are finite sets. The following are equivalent:

1. X1 ≺ X2 | X3, that is,X1 is Bayesian identified byX2 conditionally onX3.

2. For eachk ∈ K, any two rows ofP k are linearly independent.

3. For eachk ∈ K and for eachi, i′ ∈ Nk
1 , there not exists acii′ such that

P [X1 = i,X2 = j | X3 = k] = cii′P [X1 = i′,X2 = j | X3 = k] ∀ j ∈ Nk
2 .

3.4 Relationships between Bayesian and sampling identification

As pointed out in comment 4, Section 2.5, sampling identification implies Bayesian identification for
all prior distribution provided the parameter space is Blackwell and the sample space is separable. This
implication can be verified in the fully discrete Bayesian model. As a matter of fact, consider the fully
discrete Bayesian model as specified in Section 3.1. By Theorem 1, the parametera is Bayesian identified
by s if and only if any two rows of the matrix




q(a1, s1) · · · q(a1, sn)
...

. ..
...

q(am, s1) · · · q(am, sn)




are linearly independent. Considering decomposition (3.1), this is equivalent to the following property:
any two rows of the matrix representing the sampling transition are linearly independent; that is, the
mappinga 7−→ p(· | a) is injective, for alla ∈ Aµ ⊂ A. Now, if Aµ = A, then Bayesian identification
and sampling identification are equivalent concepts. The propertyAµ = A means that the prior distri-
bution µ put positive mass on each element ofA. Let us summarize this relationship in the following
theorem:

Theorem 2 Consider the fully discrete Bayesian model as specified in Section 3.1. IfAµ = A then
Bayesian identification and sampling identification are equivalent.
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3.5 Updating unidentified parameters

As pointed out in comment 1, Section 2.5, the posterior distribution of an unidentified parameter can be
computed. However, from a modeling point of view, the statistical meaning of this posterior distribu-
tion is of interest. Let us consider, therefore, a fully discrete Bayesian model defined by the following
components:S = {s1, s2}, A = {a1, a2, a3}, the sampling process characterized by

p(s1 | a1) =
1

2
, p(s1 | a2) = p(s1 | a3) =

1

3
,

and the prior distribution satisfying thatµ(ai) > 0 for i = 1, 2, 3. All these components imply the
following joint distribution of(a, s), with a ∈ A ands ∈ S:

s1 s2

a1
1
2 µ(a1)

1
2 µ(a1)

a2
1
3 µ(a2)

2
3 µ(a2)

a3
1
3 µ(a3)

2
3 µ(a3).

By Theorem 1, the Bayesian identified parameter is characterized by the partition

{{a1}, {a2, a3}}.

The posterior distribution ofa1 is given by

p(a1 | s) =
1
2µ(a1)

1
2µ(a1) + 1

3 [µ(a2) + µ(a3)]
11{s=s1} +

1
2µ(a1)

1
2µ(a1) + 2

3 [µ(a2) + µ(a3)]
11{s=s2};

the posterior distribution of(a1, a2) is given by

p(a2, a3 | s) =
1
3 [µ(a2) + µ(a3)]

1
2µ(a1) + 1

3 [µ(a2) + µ(a3)]
11{s=s1} +

2
3 [µ(a2) + µ(a3)]

1
2µ(a1) + 1

3 [µ(a2) + µ(a3)]
11{s=s2}.

The posterior distribution ofa2 and ofa3 –which are unidentified parameters– are respectively givenby

p(a2 | s) =
1
3µ(a2)

1
2µ(a1) + 1

3 [µ(a2) + µ(a3)]
11{s=s1} +

2
3µ(a2)

1
2µ(a1) + 1

3 [µ(a2) + µ(a3)]
11{s=s2},

p(a3 | s) =
1
3µ(a3)

1
2µ(a1) + 1

3 [µ(a2) + µ(a3)]
11{s=s1} +

2
3µ(a3)

1
2µ(a1) + 1

3 [µ(a2) + µ(a3)]
11{s=s2}.

It follows that
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p(a2 | s) =
µ(a2)

µ(a2) + µ(a3)
p(a2, a3 | s), p(a3 | s) =

µ(a3)

µ(a2) + µ(a3)
p(a2, a3 | s).

That is, the posterior distribution of the unidentified parametera2 coincides with a function of the pos-
terior distribution of the identified parameter(a2, a3). Similarly, for the posterior distribution ofa3.
Therefore, it is not worth calculating the posterior probability of these unidentified parameters, but rather
replace the original Bayesian model with the following:

s1 s2

a1
1
2 µ(a1)

1
2 µ(a1)

a2, a3
1
3 [µ(a2) + µ(a3)]

2
3 [µ(a2) + µ(a3)].

In this case, theσ-field A of the parameter space is given by

{∅, {a1}, {a2, a3}, A}.

It can be noted that the events{a2} and{a3} arenot measurable, that is,they are not events of interest.

4 Identifiability relationships in a hierarchical structur e

4.1 Motivation

A wide class of models typically used in psychometrics, biometrics and sociometrics, shares a common
hierarchical structure composed of two submodels: (i) thelatent marginal modelp(η | θ2) generating the
latent variableη; and theconditional modelor measurement modelp(Y | η, θ1) generating the observable
variableY given the latent variableη. This framework steams from the fact that, in these applied fields,
the research interest is not just a population in the sense ofa distribution of observable variables (Fischer,
1922), but a structure projected behind this distribution,by which the latter is thought to be generated;
see Koopmans and Reiersøl (1950) and Manski (1995). Such a structure is not directly observable;
consequently, it is specified through the latent marginal model. The conditional model corresponds to a
measurement model: the observable variableY measures, with error, the latent oneη. The hierarchical
specification is intended to explain an observed phenomenondescribed by a sampling distribution (or
statistical model, or likelihood function)p(Y | ω). The relationship between the statistical model and
the submodels of the hierarchy is given by

p(Y | ω) =

∫
p(Y | η, θ2)p(η | θ1)dη, (4.1)

where it is implicitly assumed thatθ1 and θ2 are sufficient parameters of the conditional and latent
marginal models, respectively; that is,

(i) η ⊥⊥ θ | θ2, (ii) Y ⊥⊥ θ | η, θ1, (4.2)
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with θ = (θ1, θ2). Two relevant examples of this hierarchical structure are the following:

Example 3 IRT-models: the basic idea of this class of models is that theprobability of correctly answer-
ing an item depends on two factors: one characterizing the person, letηi; the other one characterizing
the item or task, letβj ; see Rasch (1960, 1966). More precisely, letYij be a binary random variable such
thatYij = 1 if personi correctly answers itemj, andYij = 0 otherwise. The probability of the event
{Yij = 1} is specified as

(Yij | ηi, βj) ∼ Bern[F (ηi − βj)], i = 1, . . . , n, j = 1, . . . ,m, (4.3)

whereF is a known probability distribution, typically the logistic distribution or the normal distribution.
Because of the incidental problem (see Neyman and Scott, 1948; Andersen, 1980; Ghosh, 1995; Lan-
caster, 2000), the individual characteristicηi’s are viewed as latent variables which satisfy the following
condition:

(ηi | ϕ) ∼ Gϕ, ⊥⊥
1≤i≤n

ηi | ϕ; (4.4)

that is,{ηi : i = 1, . . . , n} are mutually independent conditionally onϕ, with a common distribution
Gϕ known up to a parameterϕ. Typically, it is assumed that the distributionGϕ is aN (0, ϕ2). The
model is completed by assuming that, for each personi, the answers{Yij : j = 1, . . . ,m} are mutually
independent conditionally on(ηi, β1, . . . , βm); and that{Y i : i = 1, . . . , n} are mutually independent
conditionally on(η1, . . . , ηn, β1, . . . , βm), whereY i = (Yi1, . . . , Yim)′. For details, see Fischer and
Molenaar (1995); van der Linden and Hambleton (1997); De Boeck and Wilson (2004).

The conditional model corresponds, therefore, to the distribution of (Y i | ηi, θ1), where the sufficient
parameterθ1 is (β1, . . . , βm); the latent marginal model corresponds to the distributionof (ηi | θ2),
where the sufficient parameterθ2 is ϕ. The statistical model is obtained after integrating out the latent
variablesηi’s.

�

Example 4 Structural Equation Models: this type of models combine concepts of latent variables with
the techniques of path analysis and simultaneous equationsmodels, and represent the convergence of
relatively independent research traditions in psychometrics, econometrics and biometrics. Traditionally,
these models have been specified as a set of two submodels, namely a structural model and a measure-
ment model; the first one specifies the relationship between the latent variables, and the second one
specifies how the latent variables are related to the observed or measured variables. More specifically,
for a sample of sizen, the structural model may be written as

Bξi + Cζi = ǫi, i = 1, . . . , n, (4.5)

whereηi = (ξi
′, ζi

′)′ ∈ IRp × IR l, i = 1, . . . , n, are latent variables,B is ap × p matrix, C is ap × l
matrix, andǫi ∈ IRp, i = 1, . . . , n, are random vectors of residuals. It is assumed that the distribution of
ǫi is known up to the variance-covariance matrixΣǫǫ; similarly, the distribution ofζi is known up to the
variance-covariance matrixΣζζ . The measurement model is given by

xi = Λxξi + ǫxi
, zi = Λzζi + ǫzi

, i = 1, . . . , n, (4.6)
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whereyi = (xi
′, zi

′)′ ∈ IRr × IRs, i = 1, . . . , n, are the observable (or manifest) variables, andǫxi
and

ǫzi
, i = 1, . . . , n, are vectors of errors of measurement inxi andzi, respectively. It is also assumed that,

conditionally on the latent variables(ξi, ζi), the measurement errorsǫxi
andǫzi

are mutually independent.
Furthermore, the conditional distribution ofǫxi

givenξi, and the conditional distribution ofǫzi
givenζi,

are known up to the variance-covariance matricesΣǫxǫx andΣǫzǫz , respectively. For details see, among
others, Jöreskog (1981); Everitt (1984); Bollen (1989); Maruyama (1998).

The latent marginal model is, therefore, represented by thestructural model; the corresponding suffi-
cient parameterθ2 is given byθ2 = (B,C,Σǫǫ,Σζζ). The conditional model is represented by the mea-
surement model; the corresponding sufficient parameterθ1 is given byθ1 = (Λx,Λy,Σǫxǫx ,Σǫzǫz ).
The statistical model is obtained after integrating out thelatent variables(ξi, ζi). For more details, see
also San Martı́n (2003).

�

By construction, the parameterω of the statistical modelp(Y | ω) is a function of(θ1, θ2). Further-
more,ω can be viewed as the minimal sufficient parameter which characterizes the sampling process. In
this sense,ω has a statistical meaning as far as it is a functional of the sampling process. However, from
a modeling point of view, the problem is to know whetherθ1 andθ2 have a statistical meaning, that is,
whether(θ1, θ2) fully describes the sampling process. If it is the case, we say that the hierarchical spec-
ification has an empirical sense; otherwise, the explanation provided by the hierarchical specification is
not unique.

These considerations lead seeking for identification relationships between the submodels composing
a hierarchy. Thus, for instance, it has been proposed in the psychometric literature (without formal
proof) that the identification ofθ1 in the conditional modelp(Y | η, θ1) and the identification ofθ2 in the
marginal modelp(η | θ2) jointly imply the identifiability of(θ1, θ2) in the statistical modelp(Y | θ1, θ2);
see, in the context of Structural Equation Models, Jöreskog (1981, pp. 89-90), Bollen (1989, p. 328) and
Maruyama (1998, p. 191); and, in the context of IRT-models, see Adams et al. (1997) and Smits and
Moore (2004).

It seems relevant, therefore, to explore possible identification relationships between the submodels
composing a hierarchy, namely the latent marginal model, the conditional model and the statistical
model. This section begins by reviewing a true identification relationship, which provides a necessary
identification condition that can be used inall hierarchical models. Thereafter, counter-examples are
provided to show that intuitively true identification relationships (as those above-mentioned) are false.
These counter-examples are developed in a fully discrete Bayesian model; by so doing, it is possible to
understand why such intuitions fail. The section ends by reviewing a second identification relationship,
which provides a sufficient identification restriction; this one can be used insomehierarchical models.

4.2 A necessary identification relationship

Let us consider a general hierarchy defined by (4.2). The interest is to identify(θ1, θ2) by the observa-
tions in the statistical modelp(Y | θ1, θ2). The following theorem provided anecessaryidentification
relationship:
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Theorem 3 The Bayesian identification ofθ2 byη in the latent marginal model is a necessary condition
for the Bayesian identification of(θ1, θ2) byY in the statistical model provided that

θ1 ⊥⊥ θ2. (4.7)

For a proof, see San Martı́n (2000) and Jara et al. (2008).

Condition (4.7) defines acut between the latent marginal model and the conditional model, that is, the
process generating(Y, η, θ1, θ2) is decomposed into two factors:

p(Y, η, θ1, θ2) = p(Y | η, θ1)π(θ1) × p(η | θ2)π(θ2).

This is a condition on the prior distribution of(θ1, θ2). In a pure sampling theory approach, condition
(4.7) may be replaced by a condition of factorization of the parameter space (or a condition ofvariation-
free), namely(θ1, θ2) ∈ Θ1×Θ2, whereΘi (i = 1, 2) are the parameter spaces; for details, see Barndorff-
Nielsen (1978).

From a modeling point of view, Theorem 3 shows why it is necessary to specify the latent marginal
model in such a way thatθ2 is Bayesian identified by the latent variable; otherwise, the parameter of
interest(θ1, θ2) is not longer identified by the observations. In practice, when the latent marginal model
is simple in the sense thatθ2 is Bayesian identified byη in a straightforward way (as, for instance, in
an IRT model; see Example 3), this theorem can be “automatically applied”. However, when the latent
marginal model is complex in the sense of being over-parameterized (as, for instance, in a Structural
Equation Model; see Example 4), this theorem requires identifying θ2 by the latent variableη. For an
example of this case, see Jara et al. (2008).

4.3 Sufficient identification relationships

As conjectured by the psychometric literature, the following relationship seems to be intuitively true:
if θ2 is Bayesian identified byη in the latent marginal model and ifθ1 is Bayesian identified byY
conditionally onη in the conditional model, then(θ1, θ2) is Bayesian identified byY in the statistical
model. It is, however, possible to offer counter-examples.In order to understand why the intuition fails,
we provide one in a fully Bayesian discrete model.

4.3.1 Counter-example 1

Let (Y, η, θ1, θ2) ∈ {0, 1}4 be four discrete random variables defined on a common probability space.
Without additional restrictions, the corresponding Bayesian model is characterized by24 − 1 = 15
parameters, namely

ωijkl
.
= P [Y = i, η = j, θ1 = k, θ2 = l].
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Under the hierarchical structure (4.2), it follows that

ωijkl = P [Y = i | η = j, θ1 = k, θ2 = l]P [η = j | θ1 = k, θ2 = l]P [θ1 = k, θ2 = l]

= P [Y = i | η = j, θ1 = k]P [η = j | θ2 = l]P [θ1 = k, θ2 = l]
.
= pi|jk · qj|l · okl.

Therefore, the Bayesian model is characterized by 9 parameters, namelyp0|00, p0|01, p0|10, p0|11; q0|0, q0|1;
o00, o01, o10. We assume thatokl > 0 for all k, l.

Using Theorem 1, we characterize (1) the Bayesian identification of θ2 by η in the latent marginal
model; (2) the Bayesian identification ofθ1 by Y conditionally onη in the conditional model; and (3)
the Bayesian identification of(θ1, θ2) by Y in the statistical model. Thereafter, we study whether (1) and
(2) jointly imply (3).

1. Bayesian identification ofθ2 by η. The relationshipθ2 ≺ η requires to analyze the matrix whose
entries are

sjl
.
= P [η = j, θ2 = l] = P [η = j | θ2 = l]P [θ2 = l]

.
= qj|l · nl;

that is,

S =

(
s00 s01

s10 s11

)
=

(
q0|0 q0|1

q1|0 q1|1

) (
n0

n1

)
.
= Q · diag(n0, n1),

wherenl = o0l +o1l with l = 0, 1. Therefore,θ2 ≺ η if and only if (s00, s01)
′ and(s10, s11)

′ are linearly
independent. SinceS is a2 × 2 matrix, this last condition is equivalent tor(S) = 2, which in turn is
equivalent tor(Q) = 2 becauseokl > 0 for all k, l. Therefore,θ2 ≺ η if and only if

A1. r(Q) = 2.

�

2. Bayesian identification ofθ1 by Y conditionally on η. The relationshipθ1 ≺ Y | η requires to
analyze the matrices whose entries are

tik|0
.
= P [Y = i, θ1 = k | η = 0], tik|1

.
= P [Y = i, θ1 = k | η = 1].

But

P [Y = i, θ1 = k | η = j] = P [Y = i | η = j, θ1 = k]P [θ1 = k | η = j]
.
= pi|jk · νk|j.

Therefore

T (0) =

(
t00|0 t01|0
t10|0 t11|0

)
=

(
p0|00ν0|0 p0|01ν1|0

p1|00ν0|0 p1|01ν1|0

)

=

(
p0|00 p0|01

p1|00 p1|01

) (
ν0|0

ν1|0

)
,
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T (1) =

(
t00|1 t01|1
t10|1 t11|1

)
=

(
p0|10 p0|11

p1|10 p1|11

) (
ν0|1

ν1|1

)
.

Furthermore,

νk|j =
P [η = j | θ2 = 0]P [θ1 = k, θ2 = 0] + P [η = j | θ2 = 1]P [θ1 = k, θ2 = 1]

P [η = j | θ2 = 0]P [θ2 = 0] + P [η = j | θ2 = 1]P [θ2 = 1]

=
qj|0 ok0 + qj|1 ok1

qj|0 n0 + qj|1 n1
.

It follows that

T (0) =
1

q0|0 n0 + q0|1 n1

(
p0|00 p0|01

p1|00 p1|01

) (
q0|0 q0|1 0 0

0 0 q0|0 q0|1

)



o00 0
o01 0
0 o10

0 o11


 .

T (1) =
1

q1|0 n0 + q1|1 n1

(
p0|10 p0|11

p1|10 p1|11

) (
q1|0 q1|1 0 0

0 0 q1|0 q1|1

)



o00 0
o01 0
0 o10

0 o11


 .

Therefore,θ1 ≺ Y | η if and only if r(T (0)) = 2 andr(T (1)) = 2 (since both matrices are2×2). Taking
into account thatokl > 0 for all k andl, these conditions are equivalent to the following:

B1. q0|0 · q0|1 · q1|0 · q1|1 > 0.

B2. r

(
p0|00 p0|01

p1|00 p1|01

)
= 2 andr

(
p0|10 p0|11

p1|10 p1|11

)
= 2.

�

3. Bayesian identification of(θ1, θ2) by Y . The relationship(θ1, θ2) ≺ Y requires to analyze the matrix
whose entries are the following:

fikl
.
= P [Y = i, θ1 = k, θ2 = l]

= P [Y = i | η = 0, θ1 = k]P [η = 0 | θ2 = l]P [θ1 = k, θ2 = l] +

+ P [Y = i | η = 1, θ1 = k]P [η = 1 | θ2 = l]P [θ1 = k, θ2 = l]

= pi|0k · q0|l · okl + pi|1k · q1|l · okl.
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It follows that

F =




f000 f001

f010 f011

f100 f101

f110 f111


 =




(p0|00q0|0 + p0|10q1|0) o00 (p1|00q0|0 + p1|10q1|0) o00

(p0|00q0|1 + p0|10q1|1) o01 (p1|00q0|1 + p1|10q1|1) o01

(p0|01q0|0 + p0|11q1|0) o10 (p1|01q0|0 + p1|11q1|0) o10

(p0|01q0|1 + p0|11q1|1) o11 (p1|01q0|1 + p1|11q1|1) o11




= ∆

(
Q′

Q′

)



p0|00 p1|00

p0|10 p1|10

p0|01 p1|01

p0|11 p1|11




.
= ∆

(
Q′

Q′

)
P,

where∆ = diag(o00, o01, o10, o11) andQ as defined in step1. Taking into account thatokl > 0 for all k
andl, (θ1, θ2) ≺ Y if and only if

C1. r(Q) = 2.

C2. All the two pairs of rows of matrixP are linearly independent.

�

Is it true that conditions A1, B1 and B2 jointly imply conditi ons C1 and C2?The answer isnot. As
a matter of fact, matrixP is composed of the entries corresponding to the two matricesof conditionB2.
The entries corresponding to the first rank condition ofB2 are in boldface inP , namely




p0|00 p1|00

p0|10 p1|10

p0|01 p1|01

p0|11 p1|11


 .

It can be verified that two rows ofF are linearly dependent, althoughB2 is verified. Take, for instance,
p0|00 = p0|10; in this case, the Bayesian identified parameter in the statistical model would be character-
ized by the partition

{{(0, 0), (1, 0)}, {(0, 1), (1, 1)}}.

If (θ1, θ2) were the Bayesian identified parameter in the statistical model, then it were characterized by
the partition

{{(0, 0)}, {(0, 1)}, {(1, 0)}, {(1, 1)}}.
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4.3.2 Counter-example 2

The previous counter-example shows that both the identification of the latent marginal model and the
identification of the conditional model are not enough to implying the identification of the statistical
model. However, it would be possible to obtain the identification of the statistical model if the identifi-
cation relationshipθ1 ≺ Y | η is replaced by a stronger identification relationship, namely (θ1, η) ≺ Y .
That is, to study whetherθ2 ≺ η and(θ1, η) ≺ Y jointly imply (θ1, θ2) ≺ Y .

Let (Y, η, θ1, θ2) ∈ {1, 2, 3, 4, 5} × {1, 2} × {1, 2, 3} × {1, 2}. Using Theorem 1, we begin character-
izing the Bayesian identification of(θ1, η) by Y .

2’. Bayesian identification of(θ1, η) by Y . The relationship(θ1, η) ≺ Y requires to analyze the matrix
whose entries are

cjk i
.
= P [Y = i, θ1 = k, η = j] = P [Y = i | η = j, θ1 = k]P [θ1 = k, η = j]

.
= pi|jk rjk,

where
rjk = qj|1ok1 + qj|2ok2.

The matrixC is, therefore, given by

C =




r11p1|11 r11p2|11 r11p3|11 r11p4|11 r11p5|11

r12p1|12 r12p2|12 r12p3|12 r12p4|12 r12p5|12

r13p1|13 r13p2|13 r13p3|13 r13p4|13 r13p5|13

r21p1|21 r21p2|21 r21p3|21 r21p4|21 r21p5|21

r22p1|22 r22p2|22 r22p3|22 r22p4|22 r22p5|22

r23p1|23 r23p2|23 r23p3|23 r23p4|23 r23p5|23




�

3’. Bayesian identification of(θ1, θ2) by Y . Similarly to step3 in Section 4.3.1,(θ1, θ2) ≺ Y requires
to analyze the rows of matrix

F = ∆ · diag· (Q,Q,Q)




p1|11 p2|11 p3|11 p4|11 p5|11

p1|21 p2|21 p3|21 p4|21 p5|21

p1|12 p2|12 p3|12 p4|12 p5|12

p1|22 p2|22 p3|22 p4|22 p5|22

p1|13 p2|13 p3|13 p4|13 p5|13

p1|23 p2|23 p3|23 p4|23 p5|23




.
= ∆ · diag· (Q,Q,Q) · P,

where∆ = diag(o11, o12, o21, o22, o31, o32) and

Q =

(
q1|1 q2|1

q1|2 q2|2

)
.
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�

In boldface, we distinguished how the elements of matrixC –which are related with the process gen-
erating(Y | η, θ1)– are distributed in matrixF -which is related with the statistical model. Now,θ2 is
Bayesian identified byη if r(Q) = 2. Furthermore, we assume thatokl > 0 for all (k, l). Therefore,
rjk > 0 for each pair(j, k). Let us suppose that

pi|11 = pi|12 =
1

5
∀ i = 1, 2, 3, 4, 5,

and that the matricesQ and∆ are chosen such thatr11 6= r21. These conditions imply that the first two
columns of the matrixC are linearly independent. If we assume furthermore that anytwo rows ofC are
linearly independent, then(θ1, η) ≺ Y , but (θ1, θ2) is not Bayesian identified byY because the first and
third row ofP (and therefore ofF ) are linearly dependent.

Summarizing, the Bayesian identification ofθ2 by η in the marginal model, and the Bayesian identifi-
cation of(θ1, η) by Y in the conditional model, arenot enough to ensure the Bayesian identification of
(θ1, θ2) by Y in the statistical model.

4.4 Solutions to the given counter-examples

However, matrixC can be written asC = R · Π, where

R = diag(r11, · · · , r1K , · · · , rJ1, . . . , rJK),

Π =




p1|11 · · · pI|11
...

. ..
...

p1|1K · · · pI|1K

p1|21 · · · pI|21
...

. ..
...

p1|2K · · · pI|2K

...
. ..

...
...

. ..
...

p1|J1 · · · pI|J1
...

. ..
...

p1|JK · · · pI|JK




,

whereY ∈ {1, . . . , I}, η ∈ {1, . . . , J}, θ1 ∈ {1, . . . ,K} andθ2 ∈ {1, . . . , L}. Note thatΠ is aJK × I
matrix.

The Bayesian identifiability of(θ1, η) by Y can be ensured by a stronger condition than that established
in Theorem 1, namely thatr(Π) = JK. As a matter of fact, this last condition implies that all thetwo
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rows ofΠ are linearly independent, whereas the converse is in general false. Taking into account that
rjk > 0 for each(j, k), it follows thatθ2 ≺ η andr(Π) = KL jointly imply the Bayesian identification
of (θ1, θ2) by Y in the statistical model. It should be noted that the rank condition r(Π) = KL imposes
a restriction, namelyKL ≤ I.

4.4.1 Bayesian completeness on the parameter space

What statistical concept can be associated to this rank condition? A rank condition can be understood
as a condition ensuring the injectivity of a linear transformation. In a sampling theory framework, com-
pleteness is precisely defined through the injectivity of a linear operator –namely, a sampling expectation.
In a Bayesian approach, completeness is defined as follows:

Definition 2 Let (M,M, P ) be a probability space and, fori = 1, 2, 3, let Xi be a random variable
defined from(M,M) to a measurable space(Si,Si). Letq ∈ [1,∞]. X1 is said to beq-complete w.r.t.
X2, denoted asX1 ≪q X2, if for all Borel functionh : (S1,S1) −→ (R,B) such thatE(|h(X1)|

q) < ∞
(whenq = ∞, it is taken the essential supremum), the following implication follows:

E[h(X1) | X2] = 0 P -a.s.=⇒ h(X1) = 0 P -a.s. (4.8)

Moreover, conditionally onX3, X1 is q-complete w.r.tX2, denoted asX1 ≪q X2 | X3, if and only if
(X1,X3) ≪q (X2,X3).

When this relationship is valid for allq ∈ [1,∞], q is omitted.

SinceE[· | X2] is a linear operator on theq-integrable functions, expression (4.8) means that the null
space ofE[· | X2] reduces to{0}. This is equivalent to the injectivity of the conditional expectation
E[· | X2] (see Conway, 1985, pp. 376). In other words, theq-completeness ofX1 w.r.t. X2 means
that the expectation conditional onX2 is an injective operator defined onLq(Ω,M1, P ). Thus, ifX1

plays the role of a “statistic” andX2 of a “parameter”, thenX1 ≪q X2 corresponds to the Bayesian
counterpart of the classical definition of a complete statistic and can be viewed as the injectivity of the
sampling expectation on theq-integrable functions of the statistic. Similarly, ifX1 plays the role of a
“parameter” andX2 of a “statistic”,X1 ≪q X2 corresponds to the injectivity of the posterior expectation
on theq-integrable functions of the parameter. We refer to Chapter5 in Florens et al. (1990) for details
and properties. It can be proved that ifX1 is q-complete w.r.t.X2, thenX1 is Bayesian identified by
X2; see Florens et al. (1990, Theorem 5.4.12). For a comparisonbetween the classical and the Bayesian
completeness, see San Martı́n and Mouchart (2007).

4.4.2 Bayesian completeness in a fully discrete Bayesian model

Using the notation introduced in Section 3.3, let us characterize the completeness ofX1 w.r.t. X2 condi-
tionally onX3. By Definition 2,X1 ≪ X2 | X3 is equivalent to the following implication:

E[f(X1,X3) | X2,X3] = 0 a.s.=⇒ f(X1,X3) = 0 a.s.
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This condition is, therefore, equivalent to

E[f(X1,X3) | X2 = j,X3 = k] = 0 ∀ k ∈ K, ∀ j ∈ Nk
2 =⇒ f(i, k) = 0 ∀ k ∈ K, ∀ i ∈ Nk

1 .

Using the definition of a conditional expectation, this condition is equivalent to

∑

i∈Nk
1

f(i, k) pi|jk = 0 ∀ k ∈ K, ∀ j ∈ Nk
2 =⇒ f(i, k) = 0 ∀ k ∈ K, ∀ i ∈ Nk

1 ;

which in turn is equivalent to

∀ k ∈ K (P k)′fk = 0 =⇒ fk = 0,

where (fk)i = f(i, k) with i ∈ Nk
1 . This implication is equivalent to say that, for eachk ∈ K,

Ker [(P k)′] = {0}, or equivalently that, for eachk ∈ K, Im (P k) = R
|Nk

1
|. SinceP k is a linear

transformation, this last condition is equivalent to, for eachk ∈ K, r(P k) = |Nk
1 |. Summarizing, we

obtain the following theorem:

Theorem 4 Let (Ω,M, P ) be a probability space andXr : Ω −→ Nr, with r = 1, 2, 3, be random
variables, whereNr (r = 1, 2, 3) are finite sets. The following are equivalent:

1. X1 ≪ X2 | X3.

2. ∀ k ∈ K r(P k) = |Nk
1 |.

This theorem deserves the following comments:

Comment 5 In the discrete case, the relationshipX1 ≪ X2 | X3 imposes a dimensional restriction
betweenX1 andX2, namely∀ k ∈ K, |Nk

1 | ≤ |Nk
1 |. It should be mentioned that the Bayesian identifi-

cation restrictionX1 ≺ X2 | X3 does not imply any dimensional restriction.

Comment 6 In the discrete case, it is easily verified the following general theorem:X1 ≪ X2 | X3 ⇒
X1 ≺ X2 | X3.

Comment 7 If, for eachk ∈ K, P k is a bijective linear transformation (so|Nk
1 | = |Nk

2 |), thenX1 ≪
X2 | X3 andX2 ≪ X1 | X3, and conversely.

27



4.4.3 Coming back to identification relationships in a hierarchical structure

Let us coming back to the (counter-)example developed in Sections 4.3.2 and 4.4. The rank condition
r(Π) = KL is equivalent to the completeness relationship(θ1, η) ≪ Y . Therefore, what is it true is
the following implication: ifθ2 is Bayesian identified byη in the marginal latent model and(θ1, η) is
complete w.r.t.Y in te conditional model, then(θ1, θ2) is Bayesian identified byY .

How general is this relationship? Mouchart and San Martin (2003, Theorem 1) and San Martı́n and
Mouchart (2007, Section 7.2) established the following theorem:

Theorem 5 Consider the general hierarchical structure defined by (4.2). If θ2 is Bayesian identified by
η in the latent marginal model and if(θ1, η) is 2-complete w.r.t.Y in the conditional model, then(θ1, θ2)
is Bayesian identified byY in the statistical model.

This theorem can be applied tosomehierarchical structure, being one example the fully discrete
Bayesian model above-discussed. Other example is offered by San Martı́n and Mouchart (2007), where
the theorem is applied to obtain the identifiability of a semi-parametric Rasch Poisson Count Model. The
applicability of Theorem 5 depends on the possibility to establish the 2-completeness of(θ1, η) in the
conditional modelp(Y | θ1, η). According to our recent experience, the 2-completeness depends on the
support of the conditional distribution: when it is a finite set, the 2-completeness fails except in a fully
discrete model as discussed above; when it is a countable set, it is possible to verify it.

5 Discussion

The identification problem arose as a consequence of a reformulation of the specification problem as
stated by Fischer (1922). Such a reformulation establishesthat “the investigator’s inquisitiveness is not
just a population in the sense of a distribution of observable variables, but a physical structure projected
behind this distribution, by which the latter is thought to be generated”; Koopmans and Reiersøl (1950,
p.165); see also Hurwicz (1950). The identification problemconsists, therefore, in investigating whether
one and only one structure explains the observed phenomenon. From a probabilistic point of view, this
type of specification is modeled through a hierarchical structure; see the examples in Section 4. Thus,
the identification problem leads to ensure whether such a hierarchy has an empirical sense.

These considerations explain why identifiability was considered as a pre-statistical problem (McHugh,
1956) and, consequently, more related to statistical modeling than statistical inference. In spite of that,
identifiability has been traditionally considered as a necessary condition to ensure a coherent inference
–that is, the existence of unbiased estimators and consistent estimators; see San Martı́n and Quintana
(2002) and the references therein. In a pure sampling theoryapproach, this constitutes a limitation in the
sense that it is not possible to compute estimators of unidentified parameters.

Bayesian statistics seems to be a solution. As a matter of fact, it is always possible (if not, some
hypotheses can be introduced) to compute the posterior distribution of unidentified parameters. However,
from a modeling point of view, the question is to know what is the statistical meaning of these estimators.
To answer it, an identifiability analysis is unavoidable: once a parameter of interest has been identified,
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its statistical meaning becomes explicit. In practice, this is the issue which matters; for an example in
psychometrics, see San Martı́n et al. (2009). Therefore, infields where parameters have a substantive
meaning, Bayesian statistics will be useful if it is warranted about identifiability. Otherwise, it will give
illusory solutions; see comment 1.

With respect to identification relationships in a hierarchical structure, this paper offers counter-examples
showing that some results are false. Furthermore, it provides identification strategies which can be used
in some hierarchical models; it depends on the 2-completeness of a parameter with respect to a statistics
in a conditional model or, equivalently, to study the injectivity of a posterior expectation. This result is
an implicit invitation to study this problem for particularsampling distributions.

Last, but not least, Bayesian identification is always implied by sampling identification. This means
that (some) identification results established in a pure sampling theory framework could be useful when
models are specified under a Bayesian approach.
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San Martı́n, E. and F. Quintana (2002). Consistency and identifiability revisited. Brazilian Journal of
Probability and Statistics 16, 99–106.

Smits, D. J. M. and S. Moore (2004). Latent item predictors with fixed effects. In P. De Boeck and
M. Wilson (Eds.),Explanatory Item Response Models. A Generalized Liner and Nonlinear Approach,
pp. 267–287. New York: Springer.

van der Linden, W. and R. K. Hambleton (1997).Handbook of Modern Item Response Theory. Springer.

Van Putten, C. and J. H. Van Schuppen (1985). Invariance properties of the conditional independence
relation.The Annals of Probability 13, 934–945.

32



Appendix

A Conditional Independence

A.1 General definition

The concept of conditional independence, well known and very useful in probability theory, becomes
more and more interesting in statistical theory, where it can be used as a basic tool to express many of
the important concepts of statistics (such as sufficiency, ancillarity, identifiability, etc.), unifying many
areas that are, at first sight, different.

Let (M,M, P ) be a probability space andN be a sub-σ-algebra ofM. The completedσ-field N of
N is defined as

N = N ∨ {E ∈ M : P (A) = P 2(A)},

that is, theσ-algebra generated by the union betweenN and the completed trivialσ-field. Following
Florens et al. (1990) (see also Chow and Teicher, 1988), theσ-fields are completed bymeasurable sets
only and not by subssets of measurable sets as is usually donein Lebesgue completion. In this way, it is
avoided the danger of losing the separability ofσ-field. As mentioned in the main text, the separability
of σ-fields is essential to relate Bayesian and sampling identification.

Definition 3 Let M1,M2 andM3 be sub-σ-algebras ofM. It is said thatM1 is independent ofM2

conditionally onM3, denoted asM1 ⊥⊥ M2 | M3, if and only if one of the following equivalent condi-
tions hold:

(i) E[f1 f2 | M3] = E[f1 | M3]E[f2 | M3] a.s. for all positive functionfi measurable with respect
to Mi (for i = 1, 2).

(ii) E[f1 | M2 ∨M3] = E[f1 | M3] a.s for all positive functionf1 measurable with respect toM1.

For a proof on the equivalence between (i) and (ii), see Florens et al. (1990, Theorem 2.2.1). WhenM3

is equal to the trivialσ-field {∅,M}, this definition reduces to the usual independence betweenσ-fields;
in such a case, we writeM1 ⊥⊥ M2.

It is clear from condition (i) that the concept of conditional independence issymmetricin M1 andM2,
namelyM1 ⊥⊥ M2 | M3 is equivalent toM2 ⊥⊥ M1 | M3. Condition (ii) provides an heuristic meaning
of conditional independence:M1 ⊥⊥ M2 | M3 means that the process generatingM1 conditionally on
M2 ∨ M3 depends onM3 only; or, equivalently, the process generatingM2 conditionally onM1 ∨
M3 depends onM3 only. This heuristic meaning actually corresponds to a measurability property of
conditional independence:M1 ⊥⊥ M2 | M3 if and only if, for all M2-measurable functionf2, E[f2 |
M1 ∨M3] is measurable with respect toM3; for a proof, see Florens et al. (1990, Theorem 2.2.6). For
details and properties on conditional independence, the reader is referred, among many other, to Martin
et al. (1973); Dawid (1979); Döhler (1980); Florens et al. (1990).
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A.2 Conditional independence: its meaning in terms of random variables

For a better understanding of the abstract concept of conditional independence we now present its def-
inition in terms of random variables. this presentation is based on the Lemma of Dynkin-Doob. This
lemma establishes the following: let(M,M), (N,N ) and(O,O) be three measurable spaces and let
X : M −→ N be a measurable function (that is,σ(X)

.
= X−1(N ) ⊂ M) and letZ : M −→ O be

measurable function with respect toσ(X) (that is,σ(Z)
.
= Z−1(O) ⊂ σ(X)). Then there exists a func-

tion Y : N −→ O measurable with respect toN (that is,σ(Y )
.
= Y −1(O) ⊂ N ) such thatZ = Y ◦X;

for a proof, see Dellacherie and Meyer (1975); Rao (1984). The following diagram summarizes these
relationships.

-X(M,M) (N,N )

?
(O,O)

Z

�
�

�
�

�
�

�
�

�
�	

Y

As pointed out in the main text (see Section 2.2), theσ-field generated by a random variable cor-
responds to the set of events that may be described in terms ofthat random variable. In this sense,
the Lemma of Dynkin-Doob establishes that when the information provided by a random variableZ is
strictly contained in the information provided byX (that is, the events described byZ are contained into
the events described byX), thenZ is a measurable transformation ofX –i.e.,Z is a reduction ofX.

Let mi : (M,M) −→ (R,B), i = 1, 2, 3, be three random variables and letMi = σ(mi). Now,
M1 ⊥⊥ M2 | M3 if and only if, for all M2-measurable functionf2, E[f2 | M2 ∨ M3] is M3-
measurable. Using the Lemma of Dynkin-Doob, this is equivalent to say that for all measurable function
h, there exists a measurable functiong such that

E[h(m1) | M2 ∨M3] = g(m3) a.s.

That is, the conditional expectation of all measurable transformations ofm1 given (m2,m3) are a.s. a
function ofm3.
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