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Abstract

Using the concept of reduction by sufficiency of a Bayesianehahe issue of Bayesian identi-
fiability is discussed. Various statements given in theditiere on Bayesian identifiability as well as
identifiability relationships in hierarchical structurese revised. Examples and counter-examples
are given to show that some of these statements are confusamgply wrong. Most of these exam-
ples are developed in a fully discrete Bayesian model.
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The author holds firmly to the view that
this contingent and cognitive universe of ours
is in reality only finite and, therefore, discrete.

[...] Infinite and continuous mode|s. . ] are to be
looked as mere approximations to the finite realities.
Basu (1975, p. 4)
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1 Introduction

Identifiability is often treated as a necessary conditiorhawe a rigorously well specified statistical
model. When structural modeling is being considered, thatvhen the model formalizes a certain
phenomenon, the identification condition is more than a Ertgzhnical assumption, but covers a more
fundamental aspect that is intuitively the adequacy of ardtecal statistical model for an observed
process.

In the classical or sampling approach, a statistical mad#¢fined as an indexed family of distributions
on the sample space, whereas the Bayesian approach csnasidaeique probability measure on the
product space “parametess observations” (Florens et al., 1990; Gourieroux and Mdnfb®95). In
both approaches the concept of identifiability has beemeitely discussed in the literature (see, among
others, Manski, 1995, 2007; Prakasa Rao, 1992, and theneks there in).

Under the Bayesian approach, however, the concept of fadility and, particularlynonidentifiabil-
ity (Dawid, 1979) has not been free from controversies, polemial confusion. The famous sentence
In passing it might be noted that unidentifiability causesreal difficulty in the Bayesian approach
(Lindley, 1971) is a remarkable example.

Depending on whether the problem is in the prior, the likaith or the posterior distribution, differ-
ent views on the issue of identifiability have been given i literature. Poirier (1998) argued that “A
Bayesian analysis of a nonidentified model is always passitd proper prior on all the parameters is
specified”. In the same line, Eberly and Carlin (2000) palndet that “in some sense identifiability is
a non-issue for Bayesian analyses, since given proper gistnibutions the corresponding posteriors
must be proper as well, hence every parameter can be wellastl”. Gelfand and Sahu (1999) stated
that too informative priors will dominate the inference gribrs near to be improper will produce ill-
behaved posteriors, yet on the other hand they argued tnademtifiability would not depend on the
nature of the prior specification but on lack of identifialilin the likelihood. In this sense, Dawid’s
(classical) definition of Bayesian nonidentifiability isubgalent with what a Bayesian would call likeli-
hood identifiability (Eberly and Carlin, 2000). An unifiedbtight is given by Kadane (1975) who stated
that “identification is a property of the likelihood funati@nd is the same whether considered classically
or from the Bayesian approach.” The issue has also beensdisdwhen simulation-based techniques
are used for model fitting and inferences. It is commonly edgthat nonidentifiability does not pre-
clude Bayesian inference as long as a suitable informative |3 specified. Kass et al. (1998) point
out that provided the posterior is proper, there is no pralflr MCMC methods-assuming that one has
determined that the nonidentifiability “isn’t due to a bug”.

It is remarkable that all these authors refer to Bayesiadamtifiability or nonidentifiability rather
than identifiability itself. The origin of the controversy these two definitions seems to be the lack
of distinction between the concepts of sufficient paramatet minimal sufficient parameter. These
concepts are used to describe the information provided &wdmpling process in a Bayesian model.
Bayesian identifiability and nonidentifiability will therelrelated to minimal parameter sufficiency and
parameter sufficiency, respectively.

Taking into the account the preceding differentiation, th&@n stream in Bayesian statistics can be



qualified. Furthermore, in this paper we argue that Bayeisiantifiabiliy defined through parametric
minimal sufficiency, is not only a genuinely Bayesian condep also related with other Bayesian and
non-Bayesian statistical concepts.

In order to go in a deeper discussion, the previously meeti@oncepts and controversy are discussed
using a fully discrete bayesian model, that is, a model irctvlbioth the parameter and the sample space
are finite. Using this approach, we believe it is possiblee®is a more detailed way the origin of the
possible confusions. Moreover, most of Bayesian modelsspeeified using a hierarchical structure,
as it is the case, for instance, in generalized linear mixedats. In this context, the applied literature
suggests to relate the identifiability among the submodatsposing the hierarchy. For instance, in a
GLMMM it is typically questioned whether the variance of ttemdom effect is still identified in the
marginal observed model which is obtained after integgatint the random effects. We offer counter-
examples to these relationships, when they are wrong, amelwend illustrate them, when they are
true.

The paper is organized as follows: First we introduce theeBen model together with the definitions
of basics concepts necessary to define Bayesian ideniiffalilext, the construction of a fully discrete
Bayesian model is explained and its Bayesian identificatisoussed. Subsequently, we describe identi-
fiability relationships in hierarchical structures usirgjfbcounter-examples for relationships that seems
to be true, and the fully discrete Bayesian approach to ekyntipese relationship. The paper conclude
with a discussion.

2 Bayesian model

2.1 General construction of a Bayesian model
In a (classical) sampling theory framework, a statisticablel is formally defined as follows:
E=A(S,S), P* : a€ A}, (2.1)

where (S, S) is a measurable space, teample spaceand{P® : a € A} is a family of probability
measures on the sample space indexed pgrametera belonging to gparameter spacel (see, e.g.,
Fischer, 1922; Barra, 1981; McCullagh, 2002). The proli&#s|{P* : o € A} are calledsampling
probabilitiesas they describe the sampling process. The parameter dpadight be either a Euclidean
space, a functional space, or a product of both as it is the iogsarametric, non-parametric and semi-
parametric models, respectively. Note that the statisticalel in (2.1) can be considered as an extension
of a probability spacésS, S, P) in the sense that a unique probability meashris replaced by &amily

of probability measure®?, a € A.

A Bayesian modes defined as aniqueprobability measuré) defined on the product space “param-
etersx observations”, denoted at x S. Taking as a starting point the statistical model given b§)2
a probability measuré) on A x S is constructed by endowing the parameter spaedth a probability
measurg: on (A, A), where thes-field A of subsets oA makesP?(X) measurable for alk € S, and



by extending ta4 ® S (in a unique way) the functiofy defined onA x S as follows:
QExX) = /P“(X)du EFEeA Xes. (2.2)
E

The measure constructed from (2.2) is denoted as the Mank@rbduct) = ® P4, Thus, a Bayesian
model is defined by the following probability space:

E=(AXS AVS,Q=pxPH. (2.3)

Remark 1 In this paper, we shall systematically relate the sulield B C A (resp.,7 C S) to the
subo-field of the corresponding cylindei$ x S (resp. A x 7). Thus, in (2.3), we relate the product
A® Sto AV S, theo-field generated byA x S) U (A x §). This is to alleviate the notation.

By constructionP? in (2.2) becomes a transition of probability representinggular version ofP4,
the restriction taS of the conditional probability)) given A, and this is so for whatever probability
on (A, .A). Moreover, the so-calledrior probability 1. corresponds to the marginal probability @fon
(A, A), namelyu(E) = Q(F x S) for E € A. Similarly, the marginal probability” on the sample
space(S,S) given by P(X) = Q(A x X) for X € Sis called thepredictive probability

Besides the decompositigh = 1 @ P4, the probabilityQ is decomposed, under the usual hypotheses
(e.g., Rao, 1993), into a marginal probabili}; and a regular conditional probability giveh repre-
sented by a probability transition denoted;a5 this is the so-calleghosterior distribution WhenQ
is decomposed a@ = u ® PA = P ® uS, the Bayesian model (2.3) is said to kegular. For more
details, see Martin et al. (1973); Florens et al. (1990) hiaremaining of this paper we assume that the
Bayesian model (2.3) is regular.

The main difference between models (2.1) and (2.3) is thafitht is afamily of sampling distribu-
tions, whereas the second isiaiqueprobability measure defined on the product space “parameter
observations”. It should be emphasized that in a Bayesiateinthe prior distribution. is fixed. How-
ever, when the interest is focused on the sensitivity of Beyeprocedures with respect to changes on
the prior distribution (see, e.g., Macci and Polettini, 2Q0r on the Bayesian inference using inter-
subjective models (see, e.qg., Dawid, 1979, section 9), wel@aling with &amily of Bayesian models
indexed by prior distributions defined on the parameterespdac.A); that is,

E={(AxS,AVS), Q" =po P, peP(A A} (2.4)

whereP (A, A) denotes the space of probability measures defined on thenpaspace. As can be
seen, (2.1) and (2.4) share a common mathematical structure
In the following subsections we define the concepts of siedgigparameter, sufficient parameter, mini-

mal sufficient parameter, sampling information and Bayeglantification, based on the Bayesian model
defined in (2.3).



2.2 Statistics and parameters in a Bayesian model

Taking as reference the Bayesian model (2.3), &apeasurable functioff’ defined onS with values

in some measurable spa€, () (typically, a Borel space) is called siatistics More precisely, the
functionT : (S,S) — (U,U) is a statistics if and only i’ = 71 (/) c S. Thiso-field, also denoted
aso(T) —theo—field generated by—, is the smallest-field which makes measurable the functibnlt
should be remarked thdt heuristically corresponds to the set of events that may beritbed in terms of
that random variable (Florens and Mouchart, 1982, p. 588)ing into account that the information of
interest is in the probability space given by (2.3), we cdesthat? represents the information provided
by T', which does not depend on the coordinate system chosenresegp the corresponding random
variable. This is becausg(T") = o[h(T')] for all bi-measurable and bijective functidn

Taking into account these considerations, a statisticsisha-field of S. Similarly, asubparameter
or more simply gparameteris a sube-field of A.

2.3 Sufficient parameter

Let 7 C S be a statistics anf C .4 be a parameter. A statistic8 is sufficient if, conditionally on
it, the sampling process is independent of the parametengisoperties of conditional independence
(see Appendix A), the last statement can be writtesas.4 | 7 which is read asS is independent
of A given7”. Thus, a statisticg is sufficient for the parameted if, for all S-measurable function
s, E(s| AVT) = E(s | T);thatis, the process generating the observations conditjoon. A v 7
only depends on the statisti@s Equivalently, for all.4-measurable function, E(a | ) = E(a | 7);
that is, the posterior process is fully characterized bysilificient statistics, being the observatiafs
redundant onc# is “given”. Thus, the original Bayesian model (2.3) can b@aeed without any loose
of information by

E=(AxS,AVT,Qr), (2.5)

where Q7 is the restriction ofQ on 7, that is,Q7(E x X) = Q(F x X) for E € Aand X €
7. Following Basu (1975)’s and Florens et al. (1990)’s temwtogy, gcorresponds ta reduction by
sufficiency of the Bayesian model (2.Bhe Bayesian learning process on the paramétisrunaffected
by this reduction.

Taking advantage of the symmetric role of observations ardrpeters in a Bayesian model, it is
possible to define a sufficient parameter in a way similar &b ¢ sufficient statistics. As a matter of
fact, a parameteB is sufficient with respect t& if and only if AL S | B, which means that, for all
S-measurable function, E(s | A) = E(s | B); that is, the sufficiency oB means that3 is “sufficient”
to describe the sampling process and, consequently, thabfervations brings information ori3 only
in the sense that, conditionally @ observation brings no information, thatiS(a | SVB) = E(a | B)
for all A-measurable function.

Using the properties of conditional independence, it camvdrified that if B C A is a sufficient
parameter forS andC C A is a parameter, therl LS | B Vv C, that is, the parameteB Vv C is
also sufficient. This means that the sampling process is migt described by, but also byB v C
for all C C A. In other words, once we have a sufficient description of #maing process, then
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such a process can be described usedundant information at the parameter levelhich in turn is
sufficient. Consequently, it makes sense to look for riieimal sufficient parameter describing the
sampling process.

2.4 Minimal sufficient parameter

Let ¥ 4 be the class of sufficient parametésc A for S, namelyXs = {BC A : ALS | B}.

It is clear thatX¢ is not empty sinced € X¢, henceXe # 0. TakeBi, B, € X¢. Using both the
definition of parametric sufficiency and the characteraratof conditional independence in terms of
a measurability condition (see Appendix A), it follows thhe sufficiency of3; implies that, for all
A-measurable function, E(a | A) is Bi-measurable; and the sufficiency Bf implies that, for all
A-measurable function, E(a | A) is Bo-measurable. Here3; (j = 1,2) denotes the measurable
completionB; = B; V{E € A : u(E)? = u(E)}, where{E € A : u(E)* = u(E)} is set of the
prior null sets. It follows that, for ald-measurable function, E(a | A) is B; N Ba-measurable, that is,
AILS | By N By; thus,B; N By € ¥ 4. This argument is used to defineranimal sufficient parameter
Bmin, as follows

BeXx
Moreover, it shows thaBm, alwaysexists. By construction, the minimal sufficient paramesgfin
contains all the prior null sets. Once the minimal sufficipatameter has been constructed, the original
Bayesian model (2.3) should be replaced by

Emin = (A % S, Bnin VS, Q5 (2.7)

min)’

where@g_. - is the restriction of9 on Byn, thatis,Qp . (£ x X) = Q(E x X) for E' € Bmin and

X eS.

The Bayesian model (2.7) does not contain redundant infiiomat the parameter level because there
is not a sufficient description of the sampling process @& € X 4) better than the description pro-
vided by the minimal sufficient paramet&,;,. Thus, the minimal sufficient parameter corresponds
to the greatest possible parameter reduction for which tioe mformation is updated by the sample.
Consequentlythe learning process underlying a Bayesian model is fullycemtrated on the minimal
sufficient parameter

min

2.5 Minimal sufficient parameter, sampling information and Bayesian identification

The minimal sufficient parametét,;, can be expressed in more operational terms. As a mattertof fac
theo-field generated by every version of the sampling expectatinamelyr{E(s | A) : s € [S]1},is

the smallest sub-field of A that makes the sampling expectations measurable; 8redenotes the
set of non-negativé-measurable functions. This is equivalent to



ALLS|a{E(s|A) :se[S]T].

Thereforeg{E(s | A) : s € [S]"} € ¥ 4 and, consequently,

o{E(s|A) : s€[S]"} D Bmin-

On the other hand3nn satisfies the condition thad 1L S | Bmin, Which is equivalent to say that, for all
S-measurable functios, E(s | A) is Bmin-measurable. Therefore, by definition®ofE(s | A) : s €
[S]T}, it follows that

o{E(s | A) : s€[S]"} C Bmin-

Thus, the minimal sufficient paramet8,i, coincides withall the information provided by the sampling
process, namely{E(s | A) : s € [S]*}. Additionally, this information containall the prior null sets.

In summary, we have described the sampling process in tefriig enformation it provides. Using
the concept of sufficiency, it has also been clarified howitifmation is updated by the learning-by-
observation process. These considerations allow we toedBfgesian identifiabilty.

Definition 1 In the context of the Bayesian model (2.3), the paramdtés Bayesian identifiedy S,
which is denoted byl < S, if A is a minimal sufficient parameter; that i4,= Bp,jn,. More generally,
let M; C AV S, fori = 1,2,3 —i.e. afunction of the parameters, of the observations dotf. It is
said thatM; is Bayesian identified hy1, conditionally onM; if M4 vV Mj3 is Bayesian identified by
MoV Mg, l.e,

o{E(f | M1V M3) : fe[My \/M3]+} = M;V Ms.

This relationship is denoted ast; < My | M3, which by definition is equivalent td1; v M3 <
MoV Ms.

In Bayesian statistics, this concept was introduced bydrl®and Mouchart (1977) and thereafter further
developed in, e.g., Florens and Rolin (1984); Mouchart aalihR1984) and, mainly, in Florens et al.
(1990, chapter 4); see also Van Putten and Van Schuppen)({f®8a table of correspondence between
their results with that contained in Mouchart and Rolin @R8ee Mouchart and Rolin (1985)) and
Gourieroux and Monfort (1995). In any case, this concepteainaced back to McKean (1963), although
there is defined using the Lebesgue completion instead ehdzsurable completion.

From the definition of Bayesian identifiability given in Ddfian 1 there are four features that are
worth to explain in more details: First, the learning-bysetving process in only based on the Bayesian
identified parameter; second, the fact that we have a gdpuagesian concept of identifiability; third,
the definition given yields a relation with Bayesian corgisly; and fourth, the concept defined can
be related to the classical parameter identifiability cphcéMe summarize this fourth issues in the
followings comments:



Comment 1 The Bayesian identified parameter fully concentrates thenleg-by-observing process.
As a matter of fact, let us consider the Bayesian model (B3g, it is satisfied that

Here the parametét, although non-identified bg, might be of interest and, consequently, it should be
updated by the observations. As recognized by the Bayeiséature, this update can be done since,
the posterior expectatiofi(c | S) exists for allC-measurable function. However, the question is: are
we actually learning about the unidentified paramét®rThe answer igot although we compute the
posterior distribution of’, what we are actually updating &waysthe identified parameter, nothing
more. Indeed, taking into account (2.8), it follows that

E(c[8) = E[E(c| SV Bin) | 8] = E[E(¢ | Bmin) | 5]

for all C-measurable function. By definition of conditional expectatior;(c | Bmin) only depends on
the identified parametddn; this and only this is updated by the observations.

From a practical point of view, this means that if an unidi#edi parameter is estimated by its pos-
terior distribution, the users should be warned that thisnaéesdoes not provide any updating of the
unidentified parameter, but only of the identified parametdris is more relevant when the unidentified
parameter is a parameter of interest. In this case, if suchraimg is not explicit, it will be providing an
illusory result: the illusion that we obtain informationali the unidentified parameter, when in reality
we only get information about the identified parameter. Thiflustrated in following example.

Example 1 Let us illustrate these considerations with the problem stireating the prevalence, the
sensitivity and the specificity of a diagnostic test in theaize of a gold-standard. L&t € {0,1} be

a binary random variable indicating the true state of a sibjehat is,Z; = 1 if subjecti is diseased,
andZ; = 0 otherwise. LefY; € {0,1} be a binary random variable indicating the classificatior of
subject:; through a diagnostic test, that s, = 1 if subject: is classified as diseased by the diagnostic
test, andy; = 0 otherwise. Note that; is an observed variable, wheredsis unobservable. Taking into
account that this is a problem of misclassification, the patars of interest are the sensitivity of the test,
a = P(Y; =1 | Z; = 1); the specificity of the tesf3 = P(Y; = 0 | Z; = 0); and the true prevalence,
w = P(Z; = 1). The sampling process is given by a sequence of mutuallyert#ent random variables
Y; conditionally onp(«, 8,w), wherep(a, 5,w) = P(Y; | a, f,w) = aw + (1 — B)(1 — w). Ifitis
assumed thaty + 3 > 1, thenp(a, B,w) is an increasing function ab. The model is completed
by specifying a prior probability distribution ofw, 5,w). The o-field of the sample space is given
by S = o(Y1,....Y,), and the one of the parameters is givendy= o(a) V o(5) V o(w). Now,
p(a, B,w) = E(Y; | A), so

o{p(a; B,w)} Co{E(f [ A) : felS]T}CA

Moreover,o(a) ¢ o{p(a, B,w)}, o(B) ¢ o{p(a, B,w)}, ando(w) ¢ o{p(a, B,w)}, because there not
exist measurable functions such thais a function ofp(«, 5,w), 3 is a function ofp(«, 4, w), andw is
a function ofp(a, 3,w). Therefore, neither is Bayesian identified, nax, nor 3, norw. Furthermore,
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from the equalityE[Y; | A] = E[Y; | p(e, 8,w)], and taking into account thaf is a binary random
variable, it follows that

o{p(a, ,w)} C o{E(f | pla, B,w)) = f e [S]Ty=c{E(f [ A) : felS]")

which means that the sampling process is fully describeg(by3,w). In other wordsp(a, 3,w) is
Bayesian identified. Now, in this example, it is always polesto compute the posterior expectation of
the parameters of interest. However, these expectatioas wiot provide any information about them,
but only abou(«, 3, w) —which is typically callecapparent prevalence

O

Comment 2 The concept of identification as introduced in Definition H&nuinely Bayesian because
it depends on the prior distribution through the prior nuikets. This means that if, additionally to the
Bayesian model (2.3), a second one is specified in such a \aay th

E'=(AxS,AVS,Q = @ PH,

then B is still the Bayesian identified parameter in the contex€oif and only if 4 and i/ are
equivalent probability measures (i.e., they have damenull sets). Thus, the Bayesian identifiability
property (in the context of the Bayesian model (2.3)) canosgif the prior null sets change; for more
details, see Florens et al. (1990, Proposition 4.6.8). t@onto what is typically accepted (Kass et al.,
1998; Paulino and Pereira, 1994), this means that an uifiéenparameter does not become identified
once a proper prior distribution is specified on it, unleserpnull sets are defined —which is equivalent
to introduce dogmatic constraints. This is illustratedhie following example.

Example 2 Let us illustrate these considerations with the followingmple. LetA = R and.A be

the Borel sets ofR. Assume that the sampling process is specifiedXs| a) ~ N (Ja|,1), where

Xq,....X, are mutually independent conditionally o Let ;» be a prior probability distribution.
Sincela| = E(X; | A), it follows that the corresponding minimal sufficient paeter is given by

oflal} V{E € A : u(E)=0o0r1},

wheres{|a|} = {F € A : —E = E}. If uis equivalent to the Lebesgue measure (iehas the same
null sets as the Lebesgue measuré®nthen the parameteris not identified because{a} ¢ o{|a|}.
However, if 1 is equivalent to the Lebesgue measurefohand u(R~) = 0, then the parameter is
identified.

0

Comment 3 Let us consider the Bayesian model (2.3) anddet .4 be a parameter of interest. It is
said that}3 is exactly estimable i3 ¢ S. This condition is equivalent t&’ar(llp | S) = 0 for all
B € B, which in turn is equivalent t&'(b | S) = b Q-a.s. for allB-measurable functioh. Exact
estimability means, therefore, that the posterior prdiiglaif a 5-measurable functiohis a.s. 0 or 1. In



other words B C S formalizes the idea that the paramekeis “perfectly known” after the observation
of the sample. For more details, see Florens et al. (199@ic8et7).

Bayesian identification is related with exact estimahilty in a pure sampling theory framework iden-
tification is related with consistency. As a matter of faet,Us consider the case of an iid process, namely
{X,, : n € N} be iid random variables conditionally o#4. In the context of the asymptotic Bayesian
model, it can be shown that the minimal sufficient param&gh, = o{E(f | A) : f € [X°]"}
satisfies the following condition:

Bin C X7 (2.9)

here, X° = o(X1, X2,...,X,,...); (for more details, see Florens et al., 1990, Theorem 9.32is
means that, in an iid process, the Bayesian identified paeariseexactly estimable. Furthermore, con-
dition (2.9) ensures the convergence of the following pasteexpectations:E(b | A7) for all Byyin-
measurable functioh; and E(a | X7") for all .A-measurable function; herex]* = o(X1,...,X,).
As a matter of fact, by the Martingale Theorefib | X]") converges a.s. and, moreover, it converges
to E(b | X°) in L for all Byj,-measurable functioh such thatE|b| < oo; being L (A, A, u) =
{f : A - R | fis.A-measurable, anfl, | f | du < oco}. Using condition (2.9), it follows that
E(b| X)) =ba.s.

Similarly, leta be a.A-measurable function such thata| < oco. Taking into account thatl AL X" |
Bmin for all n € N, it follows that

E(a|X7") = E[E(a| X"V Bmin) | AT]
= E[E(a| Bmin) | 7]

Thus, the Bayesian identified parameter is not only Bayesiasistent (in the sense that its posterior
expectation converges to it), but also concentrates atirhie the posterior expectation of any other
parameter.

Comment 4 In a pure sampling theory framework, parameter identifighis defined as the injectivity
of the mapping: — P%, where{P® : a € A} is afamily of sampling distributions. This identification
concept (which we cal-identification) is related with Bayesian identificationiasoduced in Definition

1. More precisely it4 is a Blackwello-field andsS is separable, thegridentification implies Bayesian
identification for all prior probability measure @, .A); for details and proofs, see Florens et al. (1985)
and Florens et al. (1990, chapter 4).cAield M is a Blackwello-field if M is separable and if for all
M-measurable functiom and for allA € M, m(A) is an analytic set oR. It should be emphasized
that this relationship betweenidentification and Bayesian identification depends on #pagability of
both the sample space and the parameter space. Since we aserafde completion (see Appendix
A), we avoid the danger of loosing the separability and, eqoently, we may use identification results
established in a pure sampling theory approach.
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3 Construction of a discrete Bayesian model

The preceding sections explain in a general way the conoéf@ayesian model and Bayesian identifi-
ability. This generality means that thefields. A andS could have been either uncountable, or finite, or
a mixture of both. In this section we illustrate these coteépr the particular case in which bathand

S areo fields of finite sub-sets, yielding a fully discrete Bayesiaodel.

3.1 Model construction

LetS = {s1,...,s,} be afinite set of observations add= {a4, ..., a,,} be afinite set of parameters.
The corresponding-fields are the the power sets®fnd of A, respectively. Let, be a prior probability
defined on(A, A) and letA, = {a € A : pu(a) > 0}. The parametric support of an observatiog S

is defined asd; = {a € A : p(s | a) > 0}. The sampling probabilities are defined as

plsila) = > p(si|aj) i,

(leAu

= Z p(si | aj)ﬂ{a:aj}, i=1,...,n.
a;€ALNAs,

Whena ¢ A, the sampling probabilities are arbitrary defineg@s| a) = c (for s € S), with ¢ # 0.
Therefore,Aﬁ C A, foreachs € S, and

p(s|a)u(a), s€S, aeA,nA,
q(s,a) =
0, s€ S, a€ A U(A,NAS).

The predictive distribution is defined as

p(s)= > p(s|aj)ula)=> p(si|ajula;), s€S.

a;€ANAs aj€A
It should be remarked that fere S
p(s) >0<= A, NA; #0.

Therefore the joint probability(s, a) can be decomposed as
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q(ai,s1) - qlai,sp) play) - 0 p(siar) -+ p(sy|ar)

aamss1) - qlamssn) 0 o plam) ) \ p(si [ am) o psn | am)
3.1)

p(ar | s1) - plar|sn) p(s1) -+ 0

Wam [ 51) - am | 52) 0 )

These equalities illustrate the difference between a fmitiyameasure (the prior and the predictive) and
a probability transition (the sampling and the posteriting first one corresponds to a diagonal matrix,
whereas the second one corresponds to a rectangular méttrcan also be verified the dominance

property of the posterior transition with respect to theopdistribution (Mouchart, 1976), that is, the

prior null events are still posterior null events:

1. If u(aj) =0, thenp(a; | s) =0foralls € S.

2. If u(aj) = 1, thenu(ax) = 0 for eachk # j and, thereforey(ay, | s) = 0 for eachk # j and for
s € S. Hencep(a; | s) = 1 for eachs € S.

It can also be grasped that the converse relationship (yathel dominance of the prior distribution
with respect to the prior distribution) is not necessarilyet In fact, it could exists a € S such that
pla | s) =0fora € AgN Ay; note that this intersection is equal g since Ay, C A;.

3.2 Statistics and parameters in a discrete Bayesian model

In the discrete Bayesian model described in the previousose@ parameteb(a) is characterized by
the partition on the parameter spaténduced by it, namely

Ab:{CLEA : b(a):b}.
Similarly, a statisticg(s) is characterized by the partition on the sample space intlogé, namely

Si={seS :t(s) =t}

In this context, when using a random variable, it is impdrtarkeep in mind the partition generated by
it, and not only the values taken by the random variable.

12



3.3 Bayesian identification in the discrete case

In this section, Bayesian identification is characterizmtaffully discrete Bayesian model. More specif-
ically, the idea is to characterize the relationship < X» | X3, whereX;, X,, X3 are discrete random
variables defined on a common probability spakg M, P) such thatX, : M — N, forr =1,2,3,
where N, (r = 1,2,3) are finite sets. These random variables can be interpréffededtly. For ex-
ample, X; can be interpreted as a parametgg, as an observation andl; as a latent variable; ak;
and X3 as parameters, whereds as an observation; etc. In Section 4 different interpretetiwill be
exploited.

Let us define
e K ={ke N3 : P(X3=k)>0}.
e NF={ie N, : P(Xy=i|X3=k)>0}fork € K.
e NV ={jeNy: P(Xo=35|X3=k)>0}fork e K.
. (P’f)z.j = P(X; =i,Xo =7 | X3 =k), a|NF| x |N§| matrix fork € K.

By Definition 1, X is Bayesian identified by, conditionally onX3 (i.e. X; < X5 | X3) if and only
if
o {P(Xo=j. X5 =k| X1, Xs) : ke K, j€Nf} =
:a{{Xlzz'}n{X?,:k}:keK,ieN{f} v (3.1)
v a{{Xlzz‘}ﬂ{ngk} ke N, ic (Nf)C}.

As a matter of fact, by definition of Bayesian identificatitime o-field of the left-side of (3.1) contains
all the null sets of X1, X3). This class corresponds to thefield

g{{Xl — i N{Xs=k) ke Ny, ic (Nf)C}

because

=P(X,=i|X3=k)P(X3=k), ic (N}, ke K;
P(X, =i,X3=k)
< P(X3=k), ke Ke.

Thus,P(X; =i | X3 = k) = 0 sincei € (NF)¢ andk € K, whereasP(X; = k) = 0 sincek € K°.
Therefore,P(X; =i, X3 = k) = 0 fori € (Nf)¢ andk € Ns.
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By this same fact —that all the null sets (f,, X3) are contained into the-field of the left-side of
(3.1)—, equality (3.1) is equivalent to the following redert

a{{Xlzi}ﬁ{ngk} keK, ieNf}C
(3.2)
CU{P(X2:j,X3:k|X1,X3) ke K, jeNgf}.

Now, let us characterize the generatorsrdfP(Xo = j, X3 = k | X1, X3) : k€ K, j € N§}. For
eachk € K,

P(Xy =4, Xs =k | X1,X3) = Y pjjax Lixymixomty = Vi
iENF

Then , for eaclj € N¥,

Yj_l {pjir}] = {X1 € Lij, X5 =k},
where/;; C N} is a set which depends o, j) € NI x N5. Moreover,Y; ' [{p;}] contains
{X; =1, X3 = k}. It follows that
{Xl = i7X3 = k} C ﬂ }/j_l [{pj‘lk}] = {Xl € [i7X3 = k}a
JEN¥

wherel; = ﬂ I;j.
JjENk
Thus,{X; € I, X3 = k} is the smallest set i { P(Xy = j, X3 =k | X1,X3) : k€ K, j € N}}
containing{ X; = ¢, X3 = k}. Therefore,X; is Bayesian identified bys conditionally onXs —which
is equivalent to relation (3.2)— if and only if, for eakhe K,
I ={i} VYie N},

which is equivalent to, for each € K,

. . k
ﬂ w Z pj|lkﬂ§{u;()1:l,X3=k} = pj\ik = {Xl =1, X3 = k?} Vi€ Nl .
JEN¥ lENF

This last condition is equivalent to the following one: fachk € K,
ﬁ i,i/ S Nf SUCh that py\zk = p‘y‘llk VJ c Néf,
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which in turn can equivalently be written as

ﬂ i,’i/ S Nf such that Dijlk = Cii! Ditj|k Vje€ N§

Summarizing, we obtain the following theorem:

Theorem 1 Let (Q2, M, P) be a probability space an&’, : Q@ — N,, withr = 1,2, 3, be random
variables, whereV, (r = 1, 2, 3) are finite sets. The following are equivalent:

1. X; < Xo | X3, thatis, X is Bayesian identified by conditionally onXs.

2. For eachk € K, any two rows ofP* are linearly independent.

3. For eachk € K and for eachi, i € N{“, there not exists a;;; such that
PlXy=i,Xo=j | Xs=k|=cwP[X1 =, Xo=37| Xs=k] VjeN.

3.4 Relationships between Bayesian and sampling identifitan

As pointed out in comment 4, Section 2.5, sampling identificaimplies Bayesian identification for
all prior distribution provided the parameter space is Bleell and the sample space is separable. This
implication can be verified in the fully discrete Bayesiand®lb As a matter of fact, consider the fully
discrete Bayesian model as specified in Section 3.1. By Enedr the parameteris Bayesian identified

by s if and only if any two rows of the matrix

q(ar,s1) - qla1,s,)

Q(am> 31) e Q(am> Sn)

are linearly independent. Considering decomposition)(3nls is equivalent to the following property:

any two rows of the matrix representing the sampling traotsiaire linearly independent; that is, the
mappinga — p(- | a) is injective, for alla € A, C A. Now, if A, = A, then Bayesian identification

and sampling identification are equivalent concepts. Thegity A, = A means that the prior distri-

bution ;4 put positive mass on each elementAf Let us summarize this relationship in the following
theorem:

Theorem 2 Consider the fully discrete Bayesian model as specified aic®e3.1. If A, = A then
Bayesian identification and sampling identification areigglent.
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3.5 Updating unidentified parameters

As pointed out in comment 1, Section 2.5, the posterioribigiion of an unidentified parameter can be
computed. However, from a modeling point of view, the stiati$ meaning of this posterior distribu-
tion is of interest. Let us consider, therefore, a fully dite Bayesian model defined by the following
componentssS = {s1, s2}, A = {a1, a2, a3}, the sampling process characterized by

1 1
p(Sl | al) = 2 p(51 | az) :p(~5’1 | 03) = 3

and the prior distribution satisfying that(a;) > 0 for i = 1,2,3. All these components imply the
following joint distribution of(a, s), witha € A ands € S:

S1 52
ai %M(al) %M(al)
ag | 5 plag) | 3 plag)
as %M(as) %M(as)-

By Theorem 1, the Bayesian identified parameter is chaiaeteby the partition

{{a1}, {a2,a3}}.

The posterior distribution aof; is given by

The posterior distribution af; and ofas —which are unidentified parameters— are respectively diyen

1 2
as | 8) = g’u(a2) §:u(a2)
pleals) Tu(ar) + Sulaz) + plas)] &= i siar) + glp(az) + p(as)) Homa
1 2
as | s) = zh(as) 34(asz)
plas ) siar) + g[p(az) + p(az)] Homon siar) + glp(az) + p(as)) Homsa)

It follows that
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plaz | 5) = ——+192) Splasas|9). plas] ) = p(as) ploa,aa | ).

plaz) + plas plaz) + plas
That is, the posterior distribution of the unidentified paedera, coincides with a function of the pos-
terior distribution of the identified parametéis, as). Similarly, for the posterior distribution afs.
Therefore, it is not worth calculating the posterior prabigbof these unidentified parameters, but rather
replace the original Bayesian model with the following:

S1 S9
a1 3 1lar) 3 1a1)
ag, az | 5 [u(az) + p(as)] | § [u(as) + plas)]-

In this case, the-field A of the parameter space is given by

{0.{a1}, {a2, a3}, A}.

It can be noted that the events, } and{as} arenotmeasurable, that ithey are not events of interest

4 Identifiability relationships in a hierarchical structur e

4.1 Motivation

A wide class of models typically used in psychometrics, #tias and sociometrics, shares a common
hierarchical structure composed of two submodels: (i)dtent marginal modeb(n | 62) generating the
latent variable;; and theconditional modebr measurement modg{Y” | n, 61) generating the observable
variableY given the latent variable. This framework steams from the fact that, in these appliedddj

the research interest is not just a population in the sena@istribution of observable variables (Fischer,
1922), but a structure projected behind this distributimnwhich the latter is thought to be generated;
see Koopmans and Reiersgl (1950) and Manski (1995). Suctu@wse is not directly observable;
consequently, it is specified through the latent marginallehoThe conditional model corresponds to a
measurement model: the observable variablmeasures, with error, the latent oneThe hierarchical
specification is intended to explain an observed phenomeesaribed by a sampling distribution (or
statistical model, or likelihood function)(Y | w). The relationship between the statistical model and
the submodels of the hierarchy is given by

p(Y | w) = / p(Y | 1.02)p(7 | 61)dn, @.1)

where it is implicitly assumed that; and 6, are sufficient parameters of the conditional and latent
marginal models, respectively; that is,

() ndlo |6, (i) YILO|n, 61, (4.2)
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with 6 = (601, 62). Two relevant examples of this hierarchical structure aesfollowing:

Example 3 IRT-models: the basic idea of this class of models is thaptbbability of correctly answer-
ing an item depends on two factors: one characterizing theopeletr;; the other one characterizing
the item or task, leB;; see Rasch (1960, 1966). More preciselyYigtbe a binary random variable such
thatY;; = 1 if personi correctly answers iteni, andY;; = 0 otherwise. The probability of the event
{Y;; = 1} is specified as

(}/;] ’Uuﬂ])"’Bem[F(nz_ﬂg)L Z:17777‘7 ]:177m7 (43)

whereF' is a known probability distribution, typically the logistdistribution or the normal distribution.
Because of the incidental problem (see Neyman and Scot8; ¥4dersen, 1980; Ghosh, 1995; Lan-
caster, 2000), the individual characterisfits are viewed as latent variables which satisfy the follayvin
condition:

(i | @) ~ G%, AL K% (4.4)
that is,{n; : i« = 1,...,n} are mutually independent conditionally @n with a common distribution
G¥ known up to a parametes. Typically, it is assumed that the distributia® is a N'(0, ¢?). The
model is completed by assuming that, for each pefstive answergY;; : j = 1,...,m} are mutually
independent conditionally ofy;, 31, ..., 6,); and tha{Y; : i = 1,...,n} are mutually independent
conditionally on(n1, ..., 7,51, -, Bm), WwhereY; = (Yi1,...,Y:,) . For details, see Fischer and

Molenaar (1995); van der Linden and Hambleton (1997); DecBa@ad Wilson (2004).

The conditional model corresponds, therefore, to theildigton of (Y'; | n;, 61), where the sufficient
parametet; is (01, ...,On); the latent marginal model corresponds to the distributdrn; | 62),
where the sufficient parametés is . The statistical model is obtained after integrating oet letent
variablesn;’s.

O

Example 4 Structural Equation Models: this type of models combinecemts of latent variables with
the techniques of path analysis and simultaneous equatackels, and represent the convergence of
relatively independent research traditions in psychaesteconometrics and biometrics. Traditionally,
these models have been specified as a set of two submodelslyrestructural model and a measure-
ment model; the first one specifies the relationship betwkeratent variables, and the second one
specifies how the latent variables are related to the obda@nweneasured variables. More specifically,
for a sample of size, the structural model may be written as

Bgl + CCZ = €, izl,...,n, (45)
wheren; = (¢/,¢) € R? x RY, i = 1,...,n, are latent variables3 is ap x p matrix, C'is ap x [
matrix, ande; € IRP,7 = 1,...,n, are random vectors of residuals. It is assumed that thetdison of

€; is known up to the variance-covariance mafy.; similarly, the distribution of;; is known up to the
variance-covariance matr... The measurement model is given by

Ty = A:E&Z + Eria Z; = AZ<2 + Eziy 1= 17"'7”7 (46)
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wherey; = (z;,z/') € R" x R*®,i = 1,...,n, are the observable (or manifest) variables, andind
€2,1=1,...,n, are vectors of errors of measurementjrandz;, respectively. It is also assumed that,
conditionally on the latent variablés;, ¢;), the measurement errars ande,, are mutually independent.
Furthermore, the conditional distribution ©f, given¢;, and the conditional distribution ef, given(;,
are known up to the variance-covariance matriEgs., andX_._, respectively. For details see, among
others, Joreskog (1981); Everitt (1984); Bollen (1989griyama (1998).

The latent marginal model is, therefore, represented bgtituetural model; the corresponding suffi-
cient parametefl; is given byt = (B, C, X, X¢¢). The conditional model is represented by the mea-
surement model; the corresponding sufficient parantates given by, = (Ay, Ay, Xe, e, Dese, )
The statistical model is obtained after integrating outlétent variableg¢;, ¢;). For more details, see
also San Martin (2003).

0

By construction, the parameterof the statistical moded(Y" | w) is a function of(6y, 6>). Further-
more,w can be viewed as the minimal sufficient parameter which dianaes the sampling process. In
this senseyw has a statistical meaning as far as it is a functional of thepting process. However, from
a modeling point of view, the problem is to know whetlfgrandf, have a statistical meaning, that is,
whether(6,, 62) fully describes the sampling process. If it is the case, wetlsat the hierarchical spec-
ification has an empirical sense; otherwise, the explamatiovided by the hierarchical specification is
not unique.

These considerations lead seeking for identification icelahips between the submodels composing
a hierarchy. Thus, for instance, it has been proposed in sigehpmetric literature (without formal
proof) that the identification df; in the conditional modeb(Y" | n, 61) and the identification of; in the
marginal modep(n | 62) jointly imply the identifiability of (61, 62) in the statistical model(Y | 61, 65);
see, in the context of Structural Equation Models, JorggkO81, pp. 89-90), Bollen (1989, p. 328) and
Maruyama (1998, p. 191); and, in the context of IRT-modaie Adams et al. (1997) and Smits and
Moore (2004).

It seems relevant, therefore, to explore possible ideatiio relationships between the submodels
composing a hierarchy, namely the latent marginal mode, citnditional model and the statistical
model. This section begins by reviewing a true identificatielationship, which provides a necessary
identification condition that can be usedatl hierarchical models. Thereafter, counter-examples are
provided to show that intuitively true identification retatships (as those above-mentioned) are false.
These counter-examples are developed in a fully discreye®an model; by so doing, it is possible to
understand why such intuitions fail. The section ends bierewng a second identification relationship,
which provides a sufficient identification restriction;gline can be used somehierarchical models.

4.2 A necessary identification relationship

Let us consider a general hierarchy defined by (4.2). Thedstes to identify(6;, 62) by the observa-
tions in the statistical model(Y" | 6, 62). The following theorem provided mecessarydentification
relationship:
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Theorem 3 The Bayesian identification 6§ by n in the latent marginal model is a necessary condition
for the Bayesian identification @¢#, 6>) by Y in the statistical model provided that

0, 1L 0. (4.7)

For a proof, see San Martin (2000) and Jara et al. (2008).

Condition (4.7) defines eut between the latent marginal model and the conditional makat is, the
process generatingd’, n, 01, 62) is decomposed into two factors:

p(Y777791a92) = p(Y ‘ 77791)7T(91) X p(77 ’ 92)77(92)'

This is a condition on the prior distribution 01, 6,). In a pure sampling theory approach, condition
(4.7) may be replaced by a condition of factorization of thegmeter space (or a conditionwariation-
free), namely(f;,02) € ©1x 02, whereO, (i = 1, 2) are the parameter spaces; for details, see Barndorff-
Nielsen (1978).

From a modeling point of view, Theorem 3 shows why it is neags$o specify the latent marginal
model in such a way that; is Bayesian identified by the latent variable; otherwise, plarameter of
interest(6, 62) is not longer identified by the observations. In practiceewthe latent marginal model
is simple in the sense thé} is Bayesian identified by in a straightforward way (as, for instance, in
an IRT model; see Example 3), this theorem can be “autontigtigpplied”. However, when the latent
marginal model is complex in the sense of being over-paramzed (as, for instance, in a Structural
Equation Model; see Example 4), this theorem requires iiyérg 6» by the latent variable). For an
example of this case, see Jara et al. (2008).

4.3 Sufficient identification relationships

As conjectured by the psychometric literature, the follogvirelationship seems to be intuitively true:
if #, is Bayesian identified by in the latent marginal model and ¢ is Bayesian identified by
conditionally onn in the conditional model, the(?;, 6,) is Bayesian identified by in the statistical
model. It is, however, possible to offer counter-examplasrder to understand why the intuition fails,
we provide one in a fully Bayesian discrete model.

4.3.1 Counter-example 1

Let (Y,n,61,02) € {0,1}* be four discrete random variables defined on a common prittipadpace.
Without additional restrictions, the corresponding Bagesnodel is characterized B — 1 = 15
parameters, namely

Wijkl = P[Y :i,77 :j,91 = k,@g = l]
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Under the hierarchical structure (4.2), it follows that

= PY =i[n=500=kPn=j|b=1[Pf=k0b =1
= Diljk " 4|l * Okl-
Therefore, the Bayesian model is characterized by 9 pasametamelyy|o, Pojo1, Poj10s Poji1s 90/0> o1

000, 001, 010- We assume that,; > 0 for all k., [.

Using Theorem 1, we characterize (1) the Bayesian idertditaf 6, by n in the latent marginal
model; (2) the Bayesian identification éf by Y conditionally onn in the conditional model; and (3)
the Bayesian identification @f,, 62) by Y in the statistical model. Thereafter, we study whether (i) a

(2) jointly imply (3).
1. Bayesian identification off, by n. The relationshipd, < 7 requires to analyze the matrix whose

entries are
sjp=Pn=7j,0c=1=Pln=7j|6=1Pl2=1] = qu-n;

_( Soo Sor \ _ [ dojo 9oj1 1o = i
S — - = (Q - dia , ,
( $10  S11 > ( qij0 91 > ( ni > @ 90, m1)

wheren; = og; + o1, with [ = 0, 1. Thereforefl, < nif and only if (sgo, so1)’ and(sig, s11)" are linearly
independent. Sincd is a2 x 2 matrix, this last condition is equivalent i4.S) = 2, which in turn is
equivalent to(Q) = 2 becausey,; > 0 for all k£, 1. Thereforef, < 7 if and only if

that is,

Al. r(Q) =2.

O

2. Bayesian identification off; by Y conditionally on 7. The relationshipd; < Y | n requires to
analyze the matrices whose entries are

tirjo = PlY = 1,00 =k | n= 0], tin = PlY =4,00 =k | n=1].
But
PlY =i,6h =k|n=j]=PY =i|n=j,00 =kl P01 =k |n=j] = pyi vk,
Therefore
70) _ ( toojo  to1lo > _ < Pojooojo  Pojo1¥1]o >
to/0  t11)0 P1jooYojo  P1jo1¥1]o

_ <p000 Pojo1 > ( Yoo >
Pijoo Pijo1 V110 ’
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71 _ <t001 o1t > _ <p010 Po|11 ) < Vo1 )
tiopn T P10 Pij11 V1)1

kg Plp=j|6y=0]P[f,=0]+ Plp=j | 6 = 1]P[f = 1]

Furthermore,

|0 Oko + qj|1 Ok1
djlo ™o + qj)1 11

It follows that

000 0

7(0) — 1 <p000 p001> <CJ00 op 0 O > o1 0
dojo™o + doj1 1 \ Pijoo  Pijo1 0 0 g 9o 0 oo

0 011

000 0

T — 1 <p010 p011> <Q10 ap 0 0 > o1 0
qQiomo + qi1m1 \ Pijio Pin 0 0 @ qaip 0 oo

0 011

Thereforep; < Y | nifand only if+(7(?) = 2 andr(T(M) = 2 (since both matrices aex 2). Taking
into account thaby; > 0 for all £ andl, these conditions are equivalent to the following:

B1. qoj0 - 901 - @110 - 1)1 > 0.

B2. r < Pojoo  Pojo1 > — 9 andr ( Pojio  Poj11 > —9
Pijoo  P1jo1 P10 P11

O

3. Bayesian identification of(6;, 62) by Y. The relationshig6,, 62) < Y requires to analyze the matrix
whose entries are the following:

fie = PIY =i,00 =k, 05 =1]
= PlY=i|n=0,00=kPn=0|0=1P[0 =k, 0=1 +

= Dijok - 90|l * Okl + Pi|1k * Q1|1 * Okl-
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It follows that

Jooo  foor (Pojoodojo + Poj1091j0) 000  (P1]00G0j0 + P1j1091]0) C00

F— foro  fou1 _ (Pojooo|1 + Poj1091)1) 01 (P1j000|1 + P1j1091|1) Q01

Jioo  fio1 (Pojo1d0jo + Poj1191j0) 010 (P1]01G0j0 + P1j11491]0) O10

fio fin (Pojo1901 + Poj1191)1) 011 (P1jo19o1 + P1j11duj1) 011
Pojoo  P1joo

!/ !/
N < Q / > Pojio Pio | = A < Q / > P,
Q Pojo1  Pi1jo1 Q

Pojir P11

whereA = diag(ogo, 001, 010, 011) and@ as defined in stefp. Taking into account thaty; > 0 for all &
andl, (61,62) < Y if and only if

Cl. r(Q) = 2.
C2. All the two pairs of rows of matrixP are linearly independent.

O

Is it true that conditions Al, B1 and B2 jointly imply conditi ons C1 and C2?The answer isiot As
a matter of fact, matrix’ is composed of the entries corresponding to the two matdtesnditionB2.
The entries corresponding to the first rank conditioBafare in boldface inP, namely

Dojoo P1joo

Pojio P1j10
DPojo1 P1ijo1
Ponr P

It can be verified that two rows df' are linearly dependent, althou@? is verified. Take, for instance,
Pojoo = Poj10; In this case, the Bayesian identified parameter in thessitatl model would be character-
ized by the partition

{{(0,0),(1,00}, {(0,1),(1,1)}}.

If (61,602) were the Bayesian identified parameter in the statisticalehdhen it were characterized by
the partition

{{(0,00}, {(0,D}, {(1,0)}, {(1,V)}}.
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4.3.2 Counter-example 2

The previous counter-example shows that both the idertiditaf the latent marginal model and the
identification of the conditional model are not enough to lyim the identification of the statistical
model. However, it would be possible to obtain the identifaraof the statistical model if the identifi-
cation relationshigh < Y | nis replaced by a stronger identification relationship, rignié ,n) < Y.
That is, to study whethet, < n and(f;,7) < Y jointly imply (61,62) < Y.

Let (Y,n,01,02) € {1,2,3,4,5} x {1,2} x {1,2,3} x {1,2}. Using Theorem 1, we begin character-
izing the Bayesian identification @, 7) by Y.

2'. Bayesian identification of (61, ) by Y. The relationshigd#,,7) < Y requires to analyze the matrix
whose entries are

where
Tjk = q4]10k1 T qj|20k2-

The matrixC' is, therefore, given by

T11P1)11 T11P2j11 T11P3j11 T11P4j11 T11Ps5|11
T12P1)12 T12P2j12 T12P3|12 T12P4j12 T12P5|12
C = T13P1)13 T13P2j13 T13P3|13 7T13P4j13 T13P5|13
T21P1121  T21P2121  T21P3|21  T21P421  T21P5)21
T22P122  T22P222  T22P3|22  T22P4)22  T22P5(22
T23P123  T23P223  T23P3|23  T23P4)23  T23DP5/23

O

3'. Bayesian identification of (6, 62) by Y. Similarly to step3in Section 4.3.1(6,,603) < Y requires
to analyze the rows of matrix

P1j11 P2j11 P3j11 P4ji1 Psj11
Pi21 P2j21 P3j21  P421  Psj21

F=A-diag- (Q,Q,0Q) DP1j12 P2j12 P3|12 P4j12 Ps5|12 = A .diag- (Q,Q,Q) - P,
Pi22  P2j22  P3|22  P422 Ps5[22

D113 P2j13 P3|13 P4|13 P5|13
P1j23  P2j23  P3|23  P4j23  P5|23

whereA = diag(oll, 012,021, 022, 031, 032) and

_( 9@ 92
o= (i i)
a2 9212
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In boldface, we distinguished how the elements of mattixwhich are related with the process gen-
erating(Y | n, 61)— are distributed in matri¥’ -which is related with the statistical model. Nofy, is
Bayesian identified by if »(Q) = 2. Furthermore, we assume thag > 0 for all (k,7). Therefore,
;i > 0 for each pair(j, k). Let us suppose that

1 .
Pij11 = Pijiz = ¢ Vi=1,2,3,4,5,

and that the matrice® andA are chosen such thaf; # r;. These conditions imply that the first two
columns of the matrixC are linearly independent. If we assume furthermore thatwoyrows ofC' are
linearly independent, thef#,,n) < Y, but (61, 6,) is not Bayesian identified by because the first and
third row of P (and therefore of") are linearly dependent.

Summarizing, the Bayesian identificationfafby n in the marginal model, and the Bayesian identifi-
cation of(#,,7n) by Y in the conditional model, aneot enough to ensure the Bayesian identification of
(61,02) by Y in the statistical model.

4.4 Solutions to the given counter-examples

However, matrixC' can be written ag’ = R - II, where

R=diag(r11, - yT1K, " Tl TJK),
Pipr -0 P
Ping -+ PIiK
P21 - PrI)21
I = P " PIPRK ,
Py - P
Pk - PrJK

whereY € {1,...,I},ne{l,...,J}, 6, €{1,...,K}andf, € {1,...,L}. Note thatllTisaJK x I
matrix.

The Bayesian identifiability of9;, n) by Y can be ensured by a stronger condition than that established
in Theorem 1, namely that(IT) = JK. As a matter of fact, this last condition implies that all the
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rows ofII are linearly independent, whereas the converse is in gefaésa. Taking into account that
;i > 0 for each(y, k), it follows thatf, < n andr(II) = K L jointly imply the Bayesian identification
of (61,02) by Y in the statistical model. It should be noted that the rankd&@m r(II) = K L imposes
a restriction, namelyj L < I.

4.4.1 Bayesian completeness on the parameter space

What statistical concept can be associated to this rankitbmn® A rank condition can be understood
as a condition ensuring the injectivity of a linear transfation. In a sampling theory framework, com-
pleteness is precisely defined through the injectivity afiedr operator —namely, a sampling expectation.
In a Bayesian approach, completeness is defined as follows:

Definition 2 Let (M, M, P) be a probability space and, for= 1,2, 3, let X; be a random variable
defined from(M, M) to a measurable spade;, S;). Letq € [1,00]. X; is said to beg-complete w.r.t.
Xy, denoted as\; <, X, if for all Borel functionh : (S1,S1) — (R, B) such thatEl(|h(X1)[?) < oo
(wheng = oo, it is taken the essential supremum), the following impidcafollows:

E[h(Xl) | XQ] =0 P-as.— h(Xl) =0 P-a.s. (48)

Moreover, conditionally onXs, X is g-complete w.r.tX,, denoted asX; <, X, | X3, if and only if
(Xl,Xg) <y (XQ,Xg).
When this relationship is valid for all € [1, ], ¢ is omitted.

SinceE[- | X,] is a linear operator on theintegrable functions, expression (4.8) means that the nul
space ofE[- | X] reduces to{0}. This is equivalent to the injectivity of the conditionalpectation
E[- | X;] (see Conway, 1985, pp. 376). In other words, ¢hsompleteness ok; w.rt. X, means
that the expectation conditional oXy is an injective operator defined dif (2, My, P). Thus, if X
plays the role of a “statistic” and’; of a “parameter”, thenX; <, X, corresponds to the Bayesian
counterpart of the classical definition of a complete diatend can be viewed as the injectivity of the
sampling expectation on thgintegrable functions of the statistic. Similarly, ¥; plays the role of a
“parameter” andX, of a “statistic”, X; <, X, corresponds to the injectivity of the posterior expectatio
on theg-integrable functions of the parameter. We refer to ChapierFlorens et al. (1990) for details
and properties. It can be proved thatXf is g-complete w.r.t. X5, then X is Bayesian identified by
X,; see Florens et al. (1990, Theorem 5.4.12). For a compabstmeen the classical and the Bayesian
completeness, see San Martin and Mouchart (2007).

4.4.2 Bayesian completeness in a fully discrete Bayesian ded

Using the notation introduced in Section 3.3, let us charas the completeness &f; w.r.t. X5 condi-
tionally on X5. By Definition 2,X; < X, | X3 is equivalent to the following implication:

Elf(X1,X3) | X2, X3] = 0a.s.= f(X1,X3) =0as.
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This condition is, therefore, equivalent to

Elf(X1,X3) | Xo =4, X3=k]=0 VkcK, Vje N} = f(i,k)=0 VkeK, Viec N}.
Using the definition of a conditional expectation, this dtiod is equivalent to
> fl,k)pyr=0 VkeK, VjeNy = f(i,k)=0 VkeK, Viec Nf;
iENF
which in turn is equivalent to
Ve K (PYfi=0= f,, =0,

where (fy); = f(i,k) with i € NF. This implication is equivalent to say that, for eathe K,
Ker[(P*)] = {0}, or equivalently that, for each € K, Im(P¥) = RIN'l. Since P* is a linear
transformation, this last condition is equivalent to, facek ¢ K, r(P*) = |Nf|. Summarizing, we
obtain the following theorem:

Theorem 4 Let (2, M, P) be a probability space an&, : Q@ — N,, withr = 1,2, 3, be random
variables, whereV,. (r = 1, 2, 3) are finite sets. The following are equivalent:

1. X; < X, | Xs.

2. Vk € K r(P*) = |NF|.
This theorem deserves the following comments:
Comment 5 In the discrete case, the relationshif < X, | X3 imposes a dimensional restriction

betweenX; and X, namely¥ k € K, |[Nf| < |NF|. It should be mentioned that the Bayesian identifi-
cation restrictionX; < X, | X3 does not imply any dimensional restriction.

Comment 6 In the discrete case, it is easily verified the following gahéheorem:X; < X5 | X3 =
X1 <Xy | Xs.

Comment 7 If, for eachk € K, P* is a bijective linear transformation ($&/f'| = |NJ|), thenX; <
Xo | X3 andX, <« X; | X3, and conversely.
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4.4.3 Coming back to identification relationships in a hierachical structure

Let us coming back to the (counter-)example developed iti@ex4.3.2 and 4.4. The rank condition
r(II) = KL is equivalent to the completeness relationsfiip ) < Y. Therefore, what is it true is
the following implication: iff, is Bayesian identified by in the marginal latent model and,, n) is
complete w.r.tY in te conditional model, the(?,, 62) is Bayesian identified by .

How general is this relationship? Mouchart and San MartG08 Theorem 1) and San Martin and
Mouchart (2007, Section 7.2) established the followingthen:

Theorem 5 Consider the general hierarchical structure defined by Y4126, is Bayesian identified by
n in the latent marginal model and [, ) is 2-complete w.r.tY" in the conditional model, thef#:, 62)
is Bayesian identified by in the statistical model.

This theorem can be applied sobmehierarchical structure, being one example the fully discre
Bayesian model above-discussed. Other example is offgr&hb Martin and Mouchart (2007), where
the theorem is applied to obtain the identifiability of a sgrafametric Rasch Poisson Count Model. The
applicability of Theorem 5 depends on the possibility tabbsh the 2-completeness @, 7) in the
conditional modep(Y | 61, 7). According to our recent experience, the 2-completenegsris on the
support of the conditional distribution: when it is a finitt,sthe 2-completeness fails except in a fully
discrete model as discussed above; when it is a countabli¢ isgiossible to verify it.

5 Discussion

The identification problem arose as a consequence of a rafation of the specification problem as
stated by Fischer (1922). Such a reformulation establigtes'the investigator’s inquisitiveness is not
just a population in the sense of a distribution of obseahkiables, but a physical structure projected
behind this distribution, by which the latter is thought ®denerated”; Koopmans and Reiersgl (1950,
p.165); see also Hurwicz (1950). The identification probtamsists, therefore, in investigating whether
one and only one structure explains the observed phenomé&mom a probabilistic point of view, this
type of specification is modeled through a hierarchicalcstme; see the examples in Section 4. Thus,
the identification problem leads to ensure whether suchrargiey has an empirical sense.

These considerations explain why identifiability was cdaestd as a pre-statistical problem (McHugh,
1956) and, consequently, more related to statistical nmugléhan statistical inference. In spite of that,
identifiability has been traditionally considered as a ssagy condition to ensure a coherent inference
—that is, the existence of unbiased estimators and consisstimators; see San Martin and Quintana
(2002) and the references therein. In a pure sampling tregmpyoach, this constitutes a limitation in the
sense that it is not possible to compute estimators of utifadmhparameters.

Bayesian statistics seems to be a solution. As a matter gfifas always possible (if not, some
hypotheses can be introduced) to compute the posterioibdisbn of unidentified parameters. However,
from a modeling point of view, the question is to know whahis statistical meaning of these estimators.
To answer it, an identifiability analysis is unavoidablecerm parameter of interest has been identified,
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its statistical meaning becomes explicit. In practices thithe issue which matters; for an example in
psychometrics, see San Martin et al. (2009). Thereforéigids where parameters have a substantive
meaning, Bayesian statistics will be useful if it is warehibout identifiability. Otherwise, it will give
illusory solutions; see comment 1.

With respect to identification relationships in a hieracahitructure, this paper offers counter-examples
showing that some results are false. Furthermore, it pesvidentification strategies which can be used
in some hierarchical models; it depends on the 2-completeoka parameter with respect to a statistics
in a conditional model or, equivalently, to study the inpgty of a posterior expectation. This result is
an implicit invitation to study this problem for particulaampling distributions.

Last, but not least, Bayesian identification is always ieghlby sampling identification. This means
that (some) identification results established in a purgosiamtheory framework could be useful when
models are specified under a Bayesian approach.
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Appendix

A Conditional Independence

A.1 General definition

The concept of conditional independence, well known ang useful in probability theory, becomes
more and more interesting in statistical theory, wheretit lsa used as a basic tool to express many of
the important concepts of statistics (such as sufficienugillarity, identifiability, etc.), unifying many
areas that are, at first sight, different.

Let (M, M, P) be a probability space anl be a subs-algebra ofM. The completed-field A" of
N is defined as
N=NV{EecM: P(A) = P*A)},

that is, thes-algebra generated by the union betwegérand the completed triviat-field. Following
Florens et al. (1990) (see also Chow and Teicher, 1988);ilields are completed byneasurable sets
only and not by subssets of measurable sets as is usuallyimlbebesgue completion. In this way, it is
avoided the danger of losing the separabilitysefield. As mentioned in the main text, the separability
of o-fields is essential to relate Bayesian and sampling ideatiin.

Definition 3 Let M7, M5 and M3 be sube-algebras ofM. It is said thatM; is independent oM,
conditionally onM3, denoted as\; L. M5 | M3, if and only if one of the following equivalent condi-
tions hold:

(i) E[f1f2| M3]=E[f1 | M3] E[f2 | M3] a.s. for all positive functiorf; measurable with respect
to M; (fori =1,2).

(i) E[fi1| MaV Ms] = E|[f1 | Ms] a.s for all positive functiorf; measurable with respect 1of;.

For a proof on the equivalence between (i) and (ii), see Rkat al. (1990, Theorem 2.2.1). Whérts
is equal to the triviab-field {0, M}, this definition reduces to the usual independence betwéesids;
in such a case, we writ&1; 1L M.

It is clear from condition (i) that the concept of conditibiradependence isymmetridn M, and Mo,
namelyM; 1L My | M3 is equivalent toM, L M; | M3. Condition (ii) provides an heuristic meaning
of conditional independence¥; 1L M5 | M3 means that the process generatiny conditionally on
My vV M3 depends onM3 only; or, equivalently, the process generatifng, conditionally onM; Vv
M3 depends onmM3 only. This heuristic meaning actually corresponds to a nwedodlity property of
conditional independenceM; 1L My | M3 if and only if, for all Ms-measurable functiorfy, E[fs |
M1 vV M3] is measurable with respect fefs; for a proof, see Florens et al. (1990, Theorem 2.2.6). For
details and properties on conditional independence, tgeras referred, among many other, to Martin
et al. (1973); Dawid (1979); Dohler (1980); Florens et 4090).
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A.2 Conditional independence: its meaning in terms of randm variables

For a better understanding of the abstract concept of dondltindependence we now present its def-
inition in terms of random variables. this presentationasdd on the Lemma of Dynkin-Doob. This
lemma establishes the following: Ie¥/, M), (N, N) and (O, O) be three measurable spaces and let
X : M — N be a measurable function (that ig,.X) = X *(\) c M) andletZ : M — O be
measurable function with respect¢¢X) (thatis,o(Z) = Z=1(0) C ¢(X)). Then there exists a func-
tionY : N — O measurable with respecttd (thatis,c(Y) = Y ~1(0) Cc M) suchthatZ = Y o X;;

for a proof, see Dellacherie and Meyer (1975); Rao (1984) fblowing diagram summarizes these
relationships.

(M; M) X (V,NV)

(0,0)

As pointed out in the main text (see Section 2.2), éhikeld generated by a random variable cor-
responds to the set of events that may be described in terimibfandom variable. In this sense,
the Lemma of Dynkin-Doob establishes that when the infolongprovided by a random variablé is
strictly contained in the information provided By (that is, the events described Byare contained into
the events described by), thenZ is a measurable transformation &f—i.e., Z is a reduction ofX .

Letm; : (M,M) — (R,B), i = 1,2,3, be three random variables and Jet, = o(m;). Now,
Myl My | Ms if and only if, for all My-measurable functiorfs, E[fo | My V Ms] is Ms-
measurable. Using the Lemma of Dynkin-Doob, this is eqeivialo say that for all measurable function
h, there exists a measurable functigsuch that

E[h(ml) ‘ MoV Mg] = g(mg) a.s.

That is, the conditional expectation of all measurablesfamations ofm; given (ms, ms) are a.s. a
function ofms.
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